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ON NONLOCAL QUASILINEAR EQUATIONS 
AND THEIR LOCAL LIMITS 

EMMANUEL CHASSEIGNE & ESPEN R. JAKOBSEN 


Abstract. We introduce a new class of quasilinear nonlocal operators and study equations involv¬ 
ing these operators. The operators are degenerate elliptic and may have arbitrary growth in the 
gradient. Included are new nonlocal versions of p-Laplace, oo-Laplace, mean curvature of graph, 
and even strongly degenerate operators, in addition to some nonlocal quasilinear operators appear¬ 
ing in the existing literature. Our main results are comparison, uniqueness, and existence results 
for viscosity solutions of linear and fully nonlinear equations involving these operators. Because of 
the structure of our operators, especially the existence proof is highly non-trivial and non-standard. 
We also identify the conditions under which the nonlocal operators converge to local quasilinear 
operators, and show that the solutions of the corresponding nonlocal equations converge to the 
solutions of the local limit equations. Finally, we give a (formal) stochastic representation formula 
for the solutions and provide many examples. 


1. Introduction 

In this paper we introduce a new class of gradient dependent Levy type diffusion operators 
and study the well-posedness, stability, and some asymptotic behavior of equations involving such 
operators. The operators we will consider are the following, 

L[u, Du] = {L\ + L 2 ) [u, Du] 

where 


L\[u, Du](x) = 

/ u(x + ji(Du, z)) - u(x) - j 1 (Du,z) ■ Du(x) A^i(z) , 

(1.1) 


J R p 


L 2 [u, Du](x) = 

/ u(x + J2(Du, z)) — u(x) &ll2(z) , 

J R p 

(1.2) 


and /ii, fi 2 are non-negative Levy measures and ji,j 2 are measurable functions (see Section [2]). Here 
the strength and direction of the diffusion depend on the gradient, and hence as we explain below, 
these operators are natural generalizations of the local (non-divergence form) quasilinear operators 

L 0 (Du, D 2 u) = ^tr (a (Du) a (D u) T D 2 u) + b(Du)Du. 

The operators are allowed to degenerate (j\ = 0 or = 0 in some set) and have arbitrary growth 
in the gradient, so oo-Laplace, p-Laplace, and strongly degenerate operators are included. Included 
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are also “explicit” operators of the form (cf. Section 13.21) , 


a{Du) 


(—A) 2 u 


for all a € (0,2) and a £ C'(M Ar ;R + ). 


(1.3) 


We want to study equations involving the operator L, and to simplify and focus on the new issues, 
the main part of this paper is devoted to the following special problem: 

F(u,Du,L[u,Du])=f(x) in U N , (1.4) 

where we assume F to be (degenerate) elliptic and strictly increasing in u (i.e. D U F > 0). But 
for this equation, we make an effort to push for very general results. First we obtain comparison, 
uniqueness, stability, and existence results for bounded solutions of (11.41) . These results are highly 
non-trivial due to the implicit nature of our operators and our weak integrability assumptions. 
Especially existence is very challenging as we discuss below. We then identify the limit problems 
where nonlocal operators converge to local ones, 

L e [(j>, D4>\ —> Lo(D(j>, D 2 (j)) as e —> 0, 

for any smooth and bounded function cf>, and prove that the solutions u e of the corresponding 
nonlocal equations 

F^u e ,Du e ,L e [u e ,Du e ] S j = f(x) in R N , (1.5) 

converge locally uniformly to the solution of the local equation 

f(u, Du, Lq(Du, D 2 u)^j = f{x) in R^. (1.6) 

We refer to Section[2]for the precise assumptions and results, and to Section[6]for extensions to more 
general problems like parabolic problems and problems with several nonlocal operators. Here we 
just remark that (z) the weak solution concept we use is bounded viscosity solutions, (ii) generators 
L of every pure jump Levy processes are included as linear special cases, and (Hi) a typical special 
case of satisfying our assumptions is the quasilinear equation 

— L[u, Du\(x) + u(x) = f(x) in R N , (1.7) 

with bounded uniformly continuous /. 

Let us illustrate our results on oo-Laplace type operators. In the local case (e.g. t 29] ) this operator 
has “diffusion” (Brownian motion, generator (—A)) only in the gradient direction: 

A 00 n(a;) = tr[Du(x)Du(x) T D 2 u(x)] = ( Du(x ) • D) 2 u(x). (1.8) 

Natural nonlocal generalizations are operators with e.g. a-stable diffusion (a € (0,2)) along the 
gradient direction. The generator of the symmetric a-stable process is the fractional Laplacian [2], 

-(-A ) a/2 u(x) = [ u (x z) u(x) - (z ■ Du(x )) t\ z[<1 , 

Jr n \z\ 

and hence the corresponding nonlocal version of the oo-Laplace operator would take the form 

C a ^ 2 [u](x)= ( u(x + Du(x)z) - u(x) - Du(x) • Du(x)z t N<1 C “ ■ (1.9) 

J R 1 \ z \ 

This operator is in the form L with j\ = Du ■ z = j 2 , and fi 2 = where 

d^J. = Zn+a ■ By our results, L = gives rise to well-posed equations (11.41) . and since 

cTjm * ^oo <t>(x) as a —> 2~ 

for smooth bounded (f>, it also follows that (possibly non-smooth viscosity) solutions of (11.51) with 
L e = C 1 ^ will converge as e —> 0 to the solution of (11.61) with L 0 = Aoo. 
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A similar construction can be carried out for “any” local (non-divergence form) quasilinear oper¬ 
ator and “any” Levy diffusion, thereby producing a corresponding quasilinear Levy diffusion. Under 
our assumptions this new operator is well-posed, and can approximate the original local operator. 
This will be explained in Remark 12.71 In Section [3] we present a (formal) stochastic interpretation 
of our equations and give many more examples. Included are several nonlocal versions of the oo- 
Laplace, the p-Laplace, and the mean curvature of graph operators; versions that are modulations 
of singular integral operators and others based on bounded nonlocal operators. It is interesting to 
note that the limit operator Lq will include also a drift term (b ^ 0) whenever the measures p, 2 ,e in 
the L 2 -term has a non-zero mean value near 2 = 0, see assumption (M e ) in section f2. 2 1 The reason 
is that in L 2 this mean is not compensated by a first-order gradient term as in L\. 

The literature on nonlocal equations is very large, and we will restrict the following discussion 
to nonlocal quasilinear problems and the questions that we address in this paper: Well-posedness, 
stability and asymptotic limits. We will not discuss important issues such as regularity of solutions 
or numerical algorithms. In the literature, typically the nonlocal quasilinear operators either have 
“coefficients” depending on u or on Du (but see also [13]). In the former case you find e.g. all the 
equations of porous medium type, see e.g. [n ng 0 mi and references therein. The second case 
is the case that we consider in this paper. Here the literature seems to be rather recent. In the 
calculus of variations, such equations can be obtained as Euler-Lagrange equations by minimizing 
fractional Sobolev norms (W p ’ 2 -norms) [28] EDI EZ] or truncated versions of such norms pQ. In 
the first three papers, (variational) fractional p and oo-Laplace operators are introduced. In 123] . 
a different “variational” type of nonlocal operators is studied by non-variational viscosity solution 
techniques. In one space dimension, non-variational equations of the type 

u t + \u x \ m {-A)%u = 0 in R 1 x (0,T) (1.10) 


have been studied with viscosity solution techniques in e.g. [22[|33] for different values of m > 0 and 
a £ (0,2). Such equations are motivated either by dislocation dynamics or porous medium flow, 
and along with their natural extensions to arbitrary space dimensions, they belong to the class of 
equations we study here (cf. sections 13.21 and[()l). Non-variational nonlocal oo-Laplace type operators 
are introduced in mm, and shown in m to be connected to a sequence of Tug of War games. But 
none of these operators have an implicit form as our operators do. Our operators are not variational, 
and among existing (multi-dimensional) work they resemble most closely the operators of [101 ;9] , 
especially [TO]. However, whereas the operators in mu have bounded dependence on the gradient 
but are discontinuous where it is zero, our operators are continuous but may have arbitrary growth 
in the gradient. The operators in USE] correspond to normalized oo-Laplacians, which in the local 
case take the form (see e.g. ]30l [29] ) 


1 f Du(x) 

\Du(x )\ 2A °° U(X) “ V \Du(x)\ 



while our version m corresponds to an unnormalized one (i.e. to A oou). 


In this paper we work with viscosity solutions. This weak solution concept is not distributional 
and does not involve integration. It is very well adapted to the implicit and degenerate form of 
our equations. The viscosity solution concept was introduced by Crandall and Lions in the early 
1980s to get uniqueness of solutions of first order Hamilton-Jacobi equations. Later it has been 
extended to wide rage of problems, including many nonlocal ones. The standard reference for local 
problems is m ■ For nonlocal problems, we only refer to Emu for the basic well-posedness theory for 
problems posed in the whole space. But we mention that there is a large literature on regularity and 
properties of solutions, asymptotic problems, boundary conditions, approximations and numerics, 
relation to stochastic processes, applications etc.. The problems we consider here represent a natural 
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class of nonlocal quasilinear equations where the viscosity solution techniques still apply and give 
comparison and uniqueness. 

In fact we have optimized the assumptions to allow for very general dependence on the gradients 
in L and F at the cost of no dependence on the variable x\ We have also made an effort to optimize 
the assumption on jj and /q . In both cases our assumptions are much more general than in 0|24). 
In the doubling of variables argument of the comparison proof, these differences to mm are e.g. 
reflected in a different choice of test function and two of the limits being taken in the reverse order. 
Reversing the limits is contrary to most viscosity solutions proofs, but it is essential in our proof. 
A side effect is that 1,1 / -/> 0 and hence that we cannot consider equations with non-trivial x- 

dependence. Existence, on the other hand, does not follow from clever modifications of commonly 
used arguments. Because of the implicit form of the equations, with the gradient dependence in j\ 
and j' 2 , compactness arguments do not work and it seems not possible to adapt Perron’s method 
either. Instead we propose a new argument based on a so-called Sirtaki method inspired by [1J. 
It involves several regularization and approximation arguments, a Schauder fixed point argument, 
and several limit problems. In each limit problem, we obtain a limit solving the relevant limit 
equation by the half relaxed limit method combined with strong comparison results. The argument 
is non-standard and highly non-trivial. 

In section^ we give the extension to the parabolic case (Cauchy problems) and to problems with 
many nonlocal operators including e.g. Bellman-Isaacs type equations. A natural open question is 
to study less degenerate equations without the assumption that D U F > 0, like uniformly elliptic 
or even p and oo-Laplace equations. Another one is to consider such equations on domains with 
boundary conditions. Finally, we mention that in an upcoming paper we will study the local limits 
of nonlocal equations under assumptions that are optimized w.r.t. the x-dependence. In this case 
we also give explicit convergence rates. 

Outline. We present the main results in Section [2] and give several examples and a stochastic 
interpretation in Section 0 Then, precise definitions of viscosity solutions appear in Section 0 and 
the proofs of the comparison, existence and concentration results are given in Section [5] In Section [6] 
we extend our results to parabolic problems and problems with many nonlocal operators, and in the 
appendix at the end of the paper, we give the proofs of some technical results we need. 

Notation. The notation UC(M. N ) denotes the set of uniformly continuous functions defined on 
and BUC(EL n ) is the space of bounded, uniformly continuous functions; use [resp. Isc ] stands for 
upper semicontinuous [resp. lower semicontinuous]; the spaces C 1 /C 2 are the spaces of functions 
having continuous first-order / second-order derivatives; C 0,Q , C 1,a stand for the usual Holder spaces; 
Cb denotes the space of continuous, bounded functions; limsup* and lirninf* are the half-relaxed 
limits (more precise definitions in the text where they are used); we denote by the indicator 
function of the set A; a modulus of continuity is a subadditive function to : M+ -A R+ such that 
lim s _j,o+ w(s) = 0; the notation a A b stands for the min of a and b, a V b is for the max and 
s+ = max(s, 0). Note that in this paper x £ R w for TV > 1 while z £ R p for P > 1; finally, R Px( ^ 
denotes the space of matrices with P rows and Q columns. 

2. The main results 

The results of this section essentially implies that for “any” quasilinear 2nd order local operator 
L 0 , “any” well-posed local equation (USD, and “any” nonlocal Levy type operator, there is a cor¬ 
responding Levy type quasilinear operator L and a well-posed nonlocal equation d- Moreover, 
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the solution of any such local equation can be approximated locally uniformly by the solutions of a 
multitude of different nonlocal equations. 


2.1. Comparison, uniqueness, and existence. Let us first list the assumptions under which we 
construct a general existence and uniqueness theory for C3D: 

(M) /ii and p 2 are non-negative Radon measures on R p \ {0} satisfying 

/ \z\ 2 dp 1 (z) + dp 2 {z)<oo. 

J\z\>0 J\z\>0 


(Jl) ji{p, z) and j 2 (p,z) are Borel measurable functions from x R p into R^, continuous in p 
for a.a. z £ R p , and for any r > 0 there is a Cj, r > 0 such that for all \p\ < r, 


[ z )\ 2 dpi(z) < Cj, r . 

J\z\>0 


'N> o 

(J2) For any r > 0, there is a modulus of continuity such that for all |p|, |g| < r, 

/ \ji(p,z) - 3i(q,z)\ 2 d^iz) < u] jt r(p- q) ■ 

J |z|>0 

(J3) There exists So > 0 such that for any r > 0 and e > 0 there exists rj > 0 such that 

sup / \ji{p, z)\ 2 dpi(z) < e 

|p|<r JA 

for every Borel set A C {0 < \z\ < <5o} such that J A \z\ 2 pi(dz) < rj. 

(FI) F : R. x x R —> R is continuous, and for any u £ R, p £ R^, t < t', F(u,p, t) > F(u,p,£'). 
(F2) For any M > 0, there exist 7 m > 0 such that for all p £ R^, l £ R, and —M < v < u < M, 

F(u,p, l ) - F(v,p, l) > 7 M (u - v). 

(F3) For any M,r > 0, there exists a modulus of continuity u>Mr such that for any \u\ < M and 

\p\MM\n<r, 

F(u,p,£) -F(u,q,£’^ < u M , r {\p-q\ + \£' ~ £\) ■ 


(F4) / £ UC(R N ). 

(F5) / £ BUC(R n ) and all quantities in (F2), (F3) are independent of M. 

We give now the precise results and refer to Section [5] for the proofs. 

Theorem 2.1. (Comparison results) 

(a) [Quasilinear case] Assume (M), (J1)-(J2), and (F4). If u : M. N —>■ R is a bounded use subso¬ 
lution of and v : R^ — y R is a bounded Isc supersolution of (Ob then u < v in R w . 

(b) [Fully nonlinear case] Assume (M), (J1)-(J2), (F1)-(F4) hold. If u : R w —> R is a bounded 
use viscosity subsolution of o and v : S. N —> R is a bounded Isc viscosity supersolution of Ob 
then u < v in R w . 


We have the following immediate consequences of this comparison result. 
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Corollary 2.2. Under the assumptions of Theorem, \2.1t 

(a) [Uniqueness] There is a most one solution u £ Cb(Wl N ) of (11.41) (respectively of (11.71 ) ). 

( b ) [Uniform continuity] Any solution u £ ^(t^) of (11.41) (respectively of eg; belongs to 
BUC(R n ) and 

7 m 0 J u (h) < ujf(h ) (respectively co u (h) < ujf(h)), 

where M = HmHoo andix^r) = sup \(f>(x + y) — (f>(x)\ denotes the modulus of continuity of(j>(x). 

x£M. N ,\y\<r 

(c) [L°°-bound] If also (F5) holds with 7 m = 7 (independent of M ), then any solution u £ 
of (11.41) ( respectively of (11.71 ) ) satisfies 

7 IMI 00 < ll/lloo (respectively IMloo < ||/||oo)- 

Proof, (a) is immediate from Theorem EH while (c) follows since iyll/Hoo are super and subsolu¬ 
tions of To prove ( b ), note that v±(x ) = u{x + h) ± A^ujf(\h\) is a super and subsolution of 

(El. By Theorem 12.11 v-(x) < u(x) < v + (x), and hence \u(x) — u(x + h) \ < A—ui{\h\). □ 

Theorem 2.3 (Existence). Under the assumptions of Theorem \2.1l (J3) ; and (F5), there exists a 
unique bounded viscosity solution u £ BUC(M. N ) of (11.41) (respectively of (11.71 ) ). 

Let us now briefly comment on the assumptions. 

Remark 2.4. (i) p,i and p ,2 are Levy measures E] by (M). Conversely, any Levy measure p, can be 
written as p± + /i 2 for and p ,2 satisfying (M): 

A* = A*1|2|<i + h^\z\>i ='■ hi + 4*2 ■ 

(ii) Assumptions on j are optimized w.r.t. the dependence in p at the cost of no dependence on x\ 
A typical example is 

ji{p,z) =j(p)z, 

where z £ R p and j : M. N —> H NxP only needs to be continuous. (Jl) and (J3) follow from the 
stronger assumption \ji(p,z)\ < c|^| for 2 : near 0. (J3) implies that }| P | <T . \ z \ 2 hi(dz) 

equi-integrable on {0 < | 2 | < 6} for any <5 < So, cf. Appendix lAl We need it to construct solutions 
under our general assumptions but not for comparison. 

(Hi) By (M), (Jl), and a Taylor expansion, L[<f>, D(f]{x) is well-defined for any </> £ C' 2 (R Ar )nC'b(R JV ). 

(iv) (F2) implies degenerate cllipticity and strict monotonicity in u, while (F3) allows for very 
general p-dependence at the cost no x-dependence. Compare (F3) to e.g. assumption (3.14) in jl5] . 

(?;) The assumptions on integrability and p-dependence of j and the (p, ^-dependence of F of this 
paper are much more general than e.g. in m i- 

2.2. Local limits. We also study the convergence of solutions of the nonlocal equation (11.51) to the 
local equation EHD, including separate results for the quasilinear case where E3 and EGD take 
the simpler forms 


L e [u e , Du e \(x) + u E {x) = f(x) in R w , 
—L 0 (Du,D 2 u)+u(x) = f(x) in R w , 


( 2 . 1 ) 

( 2 . 2 ) 



7 


where the local operator Lo is precisely defined in Definition l2.5l below. Concerning ED , we use 
the decomposition L e = L\ :£ + L 2 , £ with 

L itS [<l>, D<j>](x) = / 4>(x + ji(D4>{x),z) - 4>(x) - 6i t iji(D(j>(x),z) • Dfi(x) dp i>e , * = 1,2, 

J R p 

where = 1 if i = 1 and 0 otherwise. In order to prove the convergence result as e —> 0 we need 
the following additional assumptions: 


(M e ) (x e = A* 2 ,e) satisfies (M) for every e > 0, and there exists A X ,A 2 £ K PxJV and a £ R p 

such that for every Y £ K PxP , q £ R p , and <5 > 0, as e —> 0 



z t Yz d/i li£ —> tx[A^YA-\\, 

(. z t Yz + q ■ z) d/x 2 ,£ =► tx[Af^Y A 2 ] + a ■ q, 


'\ z \<5 


(d/ii,e + d H2,e) 0. 


'\z\>5 


(J4) For i = 1,2, the function (p,z) i->- ji(p,z) is continuous, z-differentiable at z = 0 locally 
uniformly in p, ji(jp, 0) = 0, and the function a j : —> K JVxP , defined by 

tJi(p) := D z ji(p. 0), is continuous. 

Definition 2.5. For any vector p £ R N and matrix X £ M. NxN , we define: 

Lo(p, X) := itr[di(p)di(p) T X] + ^tr [a 2 (p)d 2 (p) T X] +b(p)-p , 
where cfj(p) := ai(p)Ai, i = 1,2, b(p) := a T cr 2 {p), for A\, A 2 , a, o\, cr 2 given by (M e ) and (J4). 


The limit result is the following: 

Theorem 2.6. (Local limits) Let Lq be given by Dehnition \2.5\ 

(a) [Quasilinear case] Assume (M e ), (J1)-(J4) and (F5). Then any sequence of solutions u e of 
ED converges locally uniformly as £ —> 0 to the solution u of ED - 


(b) [ Fully nonlinear case ] Assume (M e ), (J1)-(J4), and (F1)-(F5). Then any sequence of solutions 
Ue of ED converges locally uniformly as e —> 0 to the solution u of ED- 


Remark 2.7. (i) (M e ) is a concentration assumption implying e.g. z T Y z g\^{dz) — 1 tr[Af YA\]5 q 
in measure. This is a convergence result for measures in R p and not in R^. Note that a plays 
a role only for the L 2 -part of L. Illustrative examples are the following singular and truncated 
(2 — e)-stable like Levy measures: 


Vl,e( dz ) = £ |^|Af+2-e ^k[<l dz where 
M2. e (d^) = £ ,^"]_ e l e <| z |<idz where 


lim g{z) = ff(0) ± 0 , 

z—> 0 

g is C 1 at z = 0 and g(0) ^ 0. 


Both satisfy (M e ): m }£ with A\ = g(0)J, A 2 = 0, a = 0 and /r 2>e with A\ = 0, A 2 
a = Dg( 0). 


5(0)/, 
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(ii) By (J4) and Definition 12.51 

Lo(p, X) = tr[AiYiAi] + tr[A 2 V 2 A 2 ] + a ■ q 
for Yi = ai(p) T Xcr z (p) G R PxP , i = 1,2, and q = er 2 (p)p G R p . 

(ii) If (F5) and (J4) (and (F1)-(F3)) hold, there exists a unique viscosity solution of (12.21) (and of 
(11.61) 1 satisfying the strong comparison principle, cf. Theorem 5.1 in [15J and Lemma 15.141 below. 

(Hi) We may specify (“any”) a(p) first, and then for every Levy measure (pi, e ,H 2 ,e) satisfying 
the concentration assumption (M e ), we get a nonlocal approximation L e of the local operator Lq. 
Moreover, the corresponding equations, m and to, are well-posed with solutions that converge 
to one another under very general assumptions. 


3. Stochastic interpretation and examples 


3.1. Stochastic interpretation. Formally equation (11.41) is always the Dynamic Programming 
Equation of an implicitly defined stochastic control problem or game. E.g. the solution u of to 
satisfies formally 


u(x)=¥. x U^ e~ t f(X t 


)dt 


where X t is a pure jump Levy-Ito process satisfying 

X t = x+ f [ ji(Du(X s -),z)Ni(dz,ds)+ [ [ j 2 (Du(X s -), z)N 2 (dz, ds), 

Jo j\z\>0 Jo j\z\>0 


(3.1) 


(3.2) 


where N\ is a compensated Poisson random measure, iV 2 is a finite intensity Poisson random measure, 
and E^ is the expectation w.r.t. the law of X (which starts at x). By a Levy-Ito process we mean a 
Levy type stochastic integral defined in Chapter 4.3.3 in [2], and we refer to e.g. El El for definitions 
of the other probabilistic terms mentioned above. Formally, the generator A of X t is given by the 
formula 

Au(x) = L[u, Du](x) 

for u in the domain of A (equation (6.36) in [2]). Moreover, X t generates a semigroup T t defined by 
T t (j)(y) = E v (f)(Xt) with the convention that X)f = y almost surely, and u is then the 1-resolvent R\ 
(chapter 3 in [2]) of this the semi-group applied to /, i.e. R\f(x) = 1 u(x). By the resolvent identity, 

u — Au = (I — A)Rif(x) = f(x) in R w , 


i.e. u satisfies equation dm at least formally. To make this discussion rigorous, we need the 
assumptions of section [2] and some additional ones including smoothness of u. Following chapter 6.7 
in El, it suffices to assume in addition that Assumptions 6.6.1 and 6.7.1 of [2] hold. We do not state 
them here, we only remark that they are satisfied if e.g. 

C d z 

jiip, z) = j(p)z with j G W£ c °°, 0<H( dz) < ^ with a G (0, 2), u G Cq and / G C 0 . 

Note that then Du is bounded and Lipschitz. In this case it follows from Theorem 6.7.4 of [2] that 
T t is a Feller semi-group with generator A as above and that u is in the domain of A. By Theorem 
3.2.9 of [2] the resolvent R\ exists and satisfies the resolvent identity above for any / G C'o(R ,v )- 


We have the following result: 


Proposition 3.1. If u and X t satisfy the assumptions mentioned above and (13.11) and (13.21) hold 
(in the strong sense), then u is a classical solution of OD. 
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3.2. Isotropic operators involving the fractional Laplacian. We will explain why products of 
the fractional Laplacian and a positive scalar function of the gradient (cf. (11.31) 1. are operators of 
the type we consider here in this paper. 

By the scaling properties of the Levy measure -dz and a change of variables, 

—a“(—A ) a u(x) = f u(x + az ) — u(x) — az ■ Du(x) for all a > 0, a € (0, 2), 

Jr n \ z \ 


and hence for every x , 


i(Du(x))(—A) a u(x) — / u(x + a» (Du(x))z) — u(x) — a» (Du(x))z ■ Du(x) 
Jrn 


CN,adz 
\ z \N+a ' 


It is immediate that assumptions (M), (J1)-(J3) are all satisfied for this operator when a £ (0,2) 
and a £ C'(M Ar ;R+). 

In one space dimension and with a(p) = IpI" 1 ^ 1 , m > 0, this operator appear in models of 
dislocations in crystals (m = 1) [HI SHE], and in certain nonlocal porous medium models (to > 1) 
[33] as the (integrated) equation for the cumulative distribution function. 


3.3. Examples. We introduce now some classes of quasilinear nonlocal operators with special focus 
on operators of p-Laplacian, oo-Laplacian, and mean curvature of graph type. Recall the definitions 
of the local and fractional oo-Laplacian in (11.81) and m- To define other nonlocal operators we 
need the following Lemma. 

Lemma 3.2. Let p > 1, r p = — 1 + yjp — 1 and I be N x N identity matrix. 

(a) I+(p- = %>(£) a J(£) where %>(0 - =I + r v~ j^- 

(4) 1 ~ = d({)5T({) wheTe “ (( > := 1 - Ip ( : - yrTp) • 

(c) The functions a(£) and |£| £ 2 - a p (£), p > 2, are continuous in R^. 

The proof is straightforward, using that r 2 + r p = p — 2. In view of the lemma, 

\u{x) = div (\Du(x)\ p ~ 2 Du(x)j = \Du(x)\ p ~ 2 (Au(x) + (p - 2) ) 

= tr[|Du(a;)| p_2 I? 2 u(a;)] + (p — 2)tr [\Du(x)\ p ~ 4 Du(x)Du(x) T D 2 u(x)] 

= tr[a p (Du(x))<jp (Du(x))D 2 u(x)] where er p (£) = ICI^Op^), 


H[u\( x) = div^ 


Du(x) 


: ^Am(j;) 


v/l + \Du(x)\ 2 ' y/l + \Du(x)\ 2 
tr(a(Du(x))a T (Du{x))D 2 u{x) S j where <r(£) 


AqoU(x) 

1 + \Du(x )\ 2 

«(0 


(1 + |£| 2 )' 


where a and cr p are continuous for p > 2. 
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First type of examples: Quasilinear versions of every generator of pure jump Levy processes [2]. E.g. 
nonlocal fractional Laplace type operators, 

[u] (x) already defined in (11.91) , 

£a p 2 M(>) = [ u ( x + cr p (Du(x))z ) - u(x) - a p (Du(x))z ■ Du(x) lp|<i . C ^ a , 

Jr n \ z \ 

^A p 2 N( a; )= [ u(x + iDuix)]^ 1 z) ~ u(x) - IDuix)^z ■ Du(x) 1 M<1 , C ^_" Q 
Jr n \ z \ 

+ (p — 2) f u(x + \Du(x)\-^~Du{x)z\ — u{x) — \Du(x)\ E ^~ Du(x)z ■ Du[x) l|q<i-j-rrj^ 
Jr 1 ' ' \z\ +a 

Ch /2 [u](x)= [ u(x + a(Du(x))z) - u(x) - cr(Du(x))z ■ Du(x) t\ z \ <x 

Js. N v ' \ z \ 

where p > 2 and c a = 0(2 — a) is the constant of A“/ 2 . The fractional Laplacian is the generator of 
the symmetric a-stable process, and the above nonlocal versions can be seen “generators” of gradient 
dependent modulations of this process. To be more precise, Cfff 1 is a nonlocal version of the infinity 
Laplace operator; both C°f[ 2 and C^ 2 are nonlocal versions of the p-Laplace operator, depending 

on how we write it; finally Cf^j 2 is a nonlocal version of the curvature operator H. Note that these 
operators are of the form L = L\ + L 2 where both L\ ^ 0 (\z\ < 1) and L 2 ^ 0 (|z| > 1). 


Second type of examples: Quasilinear versions of the generators of some Levy-Ito jump-processes 
defined by stochastic differential equations (SDEs) driven by pure jump Levy processes [H EHj. An 
example is the operator from the CGMY model for the price of a European option in Finance El, 


Cu(x) = / u(x + z) — u(x) — Du(x)(e z — 1) 
Jr 1 


Ce 


-Mz+-Gz~ 


dz 


ll+Y 


for C, G, M > 0, Y £ (0, 2), and the following new nonlocal infinity Laplacian (compare to T^ 2 ): 


J^[u](x) = / u(x + Du(x)z ) — u(x) — Du(x ) • Du(x)(e z — 1) 

°° JR 1 


0 -Mz+-Gz~ 


dz 


|l+a 


In this case Li ^ 0 and L 2 = 0, and L = J'fj 2 is a gradient dependent modulation of C. Here C is not 
the generator of a Levy process, but the exponential of a Levy process [14] (after a transformation). 
The driving (Levy) process here is a tempered a-stable process [II]. Other quasilinear versions 
(p-Laplace etc.) can be easily be constructed as above. 


Remark 3.3. Since we do not allow for x-dependence in j i and j 2 at the level of the PDE (11.41) . we 
can only consider generators of very special SDEs. In the example above the coefficients in the SDE 
will depend on X t , but after a change of variables this dependence is lost in the corresponding PDE. 


Third type of examples: Versions of the above nonlocal operators with truncated and hence non¬ 
singular measures. Simply replace dp,(z) in the definition of L by l\ z \> r dp(z), e.g. 

£a /2 ’’ (u](x) = [ (u(x + Du(x)z) - u(x) - Du(x) ■ Du(x)(e z - 1)) t\ z \> r ^^^A, 

Jr 1 k ' \ z \ 

where g( 0) 0 and g is C 1 at z = 0. Note that here L = £^’ r with Li = 0 and L 2 ^ 0, and (M e ) 

holds with A 2 = g(0)I and a = Dg( 0). 
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3.4. Remarks. 

(a) [Continuity in cqp] All the operators above will be continuous in (a,p) £ (0,2) x [2,oo). For 
example for any bounded C 2 function </> and sequence (a',p') —> {a,p) £ (0,2) x [2, oo), 

in R n . 

(b) [ The limit a —> 2 ] If it is smooth and bounded, then by easy computations, 

O], —* A oo U, c a £[u\, c a ^[u] —■» A p u, £h 2 [u] —■> H[u], 

and £a*’ 2 Q [ u ]—* ff(0) Aoo it + Dg(0)Du 

point-wise as a —> 2. Hence all of these operators converge to their local counterparts including the 
truncated ones. These latter operators also give rise to a drift term (when p is non-symmetric!). 
Note that in these examples assumption (M e ) hold with a = 2 — e, A = I or A = p(0)/, and a = 0 
or a = Dg( 0). 

(c) [ Growth assumptions ] Our assumptions allow for extreme growth in the gradient and nonlocal 
terms. Our results cover the equation 

u — F(L[u , Du](x )) = f(x) 

for any continuous nondecreasing function F and any good operator L as above, e.g. 

u — ^e £A p ^ — 1^ = f(x) for any p > 2. 

4. Viscosity solutions 

In this section, we introduce the good notion of weak solution for equation JO- We prove that 
we have two equivalent definitions and that the solution concept is stable with respect to pointwise 
limits of uniformly bounded solutions. 

We start by splitting L\ in JED into two parts: Li = L$ + L s for <5 > 0, where 

L s [(/>, Dc/)\(x) := [ <j){x + ji(D(j)(x),z)) - (j){x) - ji{D(j)(x),z) ■ Dcj){x) d pi(z), 

J\z\<8 

(4.1) 

L 5 [u,p\(x) := / u(x+j 1 (p,z))-u(x)-j 1 (p,z)-pdp 1 (z) (p € R w ). 

J\z\>6 

In view of (M), Ls is wcll-dehned for any C 2 function tfi and L s for any bounded function u. Likewise, 
the operator L 2 [u,p] is also well-defined for any p £ WL N and bounded measurable function u. Recall 
that those integrals are taken over R p . Now we can introduce the concept of solutions that we will 
use in this paper. 

Definition 4.1. 

(a) A bounded use function u is a viscosity subsolution of JO) if for any S > 0, any C 2 function 
(j), and any global maximum point x of u — (f>, 

f(u(x), D<j)(x), Ls\<j>, D(j)]{x) + L s [u, D(j>]{x) + L 2 [u, D<t>\(x)^ < f(x) . (4.2) 

( b ) A bounded Isc function u is a viscosity supersolution of (11.41) if for any S > 0, any C 2 function 
</>, and any global minimum point x of u — <j>, 

f(u{x), D<j)(x), Ls[<j>, D<j)]{x) + L s [u,D(j)}{x) + L 2 [u,D<j>\(x)^ > f(x). 


(4.3) 
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(c) A viscosity solution is a bounded continuous function u which is both a subsolution and a super¬ 
solution. 

Another possible definition is the following: 

Definition 4.2. 

(a) A bounded use function u is a viscosity subsolution of (11.41) if for any bounded C 2 function 0, 
and any global maximum point x of u — 0, 

F{u{x),D(p(x),L[<j),D(p\(x)} <f(x). (4.4) 

(b) A bounded Isc function u is a viscosity subsolution of (11.41) if for any bounded C 2 function 0, 
and any global minimum point x of u — 0, 

F(u(x),D(p(x),L[<j>,D(p](x)) >f(x). (4.5) 

(c) A viscosity solution is a bounded continuous function u which is both a subsolution and a super¬ 
solution. 

Remark 4.3. We may assume without loss of generality that the extrema of u — 0 are strict and 
that 0 = u at the extremal point. The latter comes from shifting the test function by a constant. 
To make an extremum (say a maximum) point x strict, we replace 0 by 0 + Sip where S > 0 and 

if G C 2 (R w ) D W 2 ’°°(R Ar ), '0 = 0 and Dip = 0 at x, and ip > 0 elsewhere, 

and send 6 —> 0 in the final step of the proof. As opposed to the local case, the J-terms will now be 
visible throughout the computations and vanish only in the final step. 

Lemma 4.4. If (M), (Jl), (FI), and (F4) hold, then Definitions EH and \4-2\ are equivalent. 

Proof. The proof is pretty standard [321 El EH E]. Since (u — 0) has a max in x, L s [u,Dcp](x) < 
L s [cp, Dcp](x) and L 2 [u, D<p]{x) < i 2 [0, Dcp\(x), and hence by (FI), (F4), and since L = Ls+L s +L 2 , 
inequality (14.41) follows from (14.21) . Conversely, we may assume the max is strict (see Remark |4.3I) . 
Then there exists a smooth and uniformly bounded function 0 £ such that u < 0 e < 0 and 0 e — > u 
a.e. as e —> 0. It immediately follows that also u — 0 e and 0 £ — 0 have maximum points at x. Hence, 
since D(p e {x) = Dcp(x) and by the definition of L (monotonicity and L = L$ + L s + L 2 ), 

L[0 £ ,D0 £ ](x) < L s [(j), D<p](x) + L s [(p e , Dcp\(x) + L 2 [(p e , D(p\(x). 

Hence, by inequality (14.41) with 0 £ replacing 0, inequality (14.21) with 0 £ replacing u follows. Now 
we conclude by sending e —> 0, using (M), (Jl), (FI), (F4), and the dominated convergence 
theorem. □ 

Next, we show that this solution concept is stable with respect to local uniform limits, to so-called 
half-relaxed limits, and more generally to very general perturbations of the equation. Consider 

F e (u ei Du e ,L e [u e ,Du e }) = f £ (x) in K^, (4.6) 

where (f s ,F e ,L s := L l e + L 2>e ) satisfy (F4), (FI), (M), and (Jl) for each fixed e > 0, and where 

Li, e [u, Du](x) = / u(x + ji, e {Du, z)) - u(x) - ji tE (Du, z) ■ Du(x) d/xi, e (z), 

J R p 

L 2iE [u,Du](x) = / u(x + j 2 , E (Du, z)) - u(x)dfi 2 , e (z). 

J R p 
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Then we define the “half-relaxed limits”: 

u(x) := limsup u £ (y) and u(x) := liminf u £ (y). (4-7) 

y — vx,e—>0 y—}x,e—> 0 

J{x) := limsup f e {y) and f(x ) := liminf f e (y). (4.8) 

F{u,p,l) := limsup F e (v,q,m ) and Ffu,p,l) := liminf F e (v,q,m). (4-9) 

(v,q,m) -» {u,p,l) (v,q,m)->■ (u,p,l) 

£ —^ 0 e ->■ 0 

Lemma 4.5 (Stability 1). Assume {/ £ ,F £ ,L £ } £ satisfy (M), (Jl), (FI), (F4) for any e > 0, 

liminf L e [(f, Df>\{x e ) < L[cp, D(f\(x) ( resp. lim sup L £ [</>, D<f\(x e ) > L[<j>, Dcf]{x)), 

e-X) 

for all bounded f> € C 2 and all sequences x e —> x, and that {it £ } E >o is a sequence of uniformly 
bounded subsolutions (resp. supersolutions) of 1)4.611 . 

Thenu{x) is a subsolution (resp. u(x) supersolution) of (11.41) with ( f,F ) replaced by ( f,F_ ) (resp. 

(/,**))• 

We also have the following stability result. 

Lemma 4.6 (Stability 2). Assume (M), (Jl), (FI), (F4) hold, and { u a } a eA, for a set A, is a 
family of uniformly bounded subsolutions (resp. supersolutions) of (11.41) . 

(a) If for any n, u an is continuous and u a „ —> u locally uniformly as n —> oo, then u is a continuous 
bounded subsolution (resp. supersolution) of (|1.4D . 

( b ) u := sup aeA u a is a subsolution (resp. v = inf a£A u a is a supersolution) of (11.41) . 

The proofs follow after the next remark. 

Remark 4.7. (i) Similar type of results can be found in [6], but without variation in L. 

(ii) Compare Lemma |L6]-(a) t° the no stability w.r.t. local uniform convergence result of [TO]. In 
[9] there is stability, but the nonlocal operators are more different from ours than in pTO] . 

Proof of Lemma \f ,5\ The proof is quite standard, see e.g. [6] (Theorem 2) for a similar proof. We 
only do the subsolution case since the supersolution case is similar. Assume <j) is C 2 and bounded 
and u — tj> has a global maximum at x , we will show that inequality (14.41) holds and we are done. 

Modifying the test function if necessary (as in Remark |4.31 assuming also ip(y) = 1 for \y\ > 1), 
we may assume the maximum is unique, strict, and can not be attained at infinity. In fact, we may 
assume that 

(u — <j>)(x) > sup (u — f>){y) for any r > 0. (4-10) 

\y-x\>r 

Then we take a subsequence such that u(x) = lim £ u e (ir e ), and note that by (14.101) and classical 
arguments m Lemma V.1.6], we may find a sequence {y e } e such that 

u e — (f> has a global maximum at y e , y e —> x, and u e (y e ) —> u(x). 

Since u e is a subsolution of (14. 61) . 

F E (u E (y E ), D(/>(y e ),l E ) < f E {y E ) where l E = L e [</),D<f>\(y E ). 

By the construction of y e and the assumption of the Lemma, 

liminf l e < D(f>\(x). 

£ 


(4.11) 
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Hence if we take a further subsequence in e such that l e —> lim inf e l e , then by the definition of 
(/,F) an d continuity, (FI) and (F4), 

F(M(cc),-D<^(a;),hminf l e ) < f{x). 

£ 

and inequality (14.41) then follows from (14.111) and monotonicity (FI). □ 

Proof of Lemma M ( a) Let (j> be C 2 and bounded and x e -A x. By assumptions (M) and (Jl), 
and the dominated convergence theorem, 

lim L[<p, Dcp\(x e ) = L[<j), D<p\{x). 

x e —tx 

Hence by Lemma 14.51 u(x) = lim sup u an ( y ) is a (bounded) subsolution of (11.41) . Since u an is 

y—}x,n—t oo 

continuous and u ari —> u locally uniformly, it follows that u = u and u is continuous. 

(b) The proof is similar to the proof of Lemma 14. 5l and we only do the subsolution case. Assume u—(f> 
has a strict global max at x. By the definition of the supremum, there is a sequence u ak {x k ) -A u{x) 
as k —> oo. As in the previous proof we may find a sequence {yk}k such that such that 

u ak — <t> has a global maximum at yk, yk —> x, and u ak (yk) —> u(x). 

Since u ak is a subsolution of USD, 

F{u ak (yk),D4>(y k ),l k ) < f(y k ) where l k = L[<j>, D(/>\(y k ). 

By the construction of y k , assumptions (M) and (Jl), and the dominated convergence theorem, 

lim l k = L[4>,D(j>](x), 

k 

and then by the continuity, (FI) and (F4), inequality (14.4[> holds. □ 


5. Proofs of the main results 


5.1. Proof of Theorem 12.11 (comparison). 


Proof of Theorem, \2.1\ -(a). We proceed by contradiction, assuming that M := sup (u — v) > 0. 

Let e, R > 0 and define 

$ £ ,.r(z> y) '■= u{x) - v{y) - (j){x, y), (5.1) 

where 

(5.2) 


00*5 y) = -y) + ip (^) + 0 (^) » 


and (p, ip are smooth bounded radially symmetric and radially non-decreasing functions such that 


¥> 0*0 = 


for \x\ < 1 
for lari > 4 


and 


00*0 = 


0 


for \x\ < | 


2(||u||oo + Halloo) + 1 for |x| > 1 


By penalization (the ip- terms) the supremum of is attained at a point {x, y), and since M > 0 
this supremum is positive when R is big enough (see 1) below): 

M e , r := max$ £jJi = $(5,y) > 0. 

For the sake of simplicity we drop the reference to e,R for the maximum point. By the inequality 
$(a;, x) + 4>(y, y) < 2$(5, y), it follows that ^p>{x — y) < u{x) — u(y) + v{x) — v(y), and hence 

<fi{x-y) < (I|m||oo + lkl|oo)e 2 - (5.3) 
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By taking e > 0 small enough, we can always assume that 

(fi(x - y) = \x - y\ 2 and (Dip)(x - y) = 2(x - y). 

In particular, \x — y\ < (||u||oo + IM|oo)£ and this estimate is independent of R. 

From the maximum of it follows that u(x) — (j){x, y ) has a global maximum point at x 
and v(y) — (—(/>)(x,y) has a global minimum point at y. Subtracting the corresponding viscosity 
inequalities for u and v (cf. Definition 14.11) gives for any S > 0 that 

0>- ^L s [(j)(-,y),D x <j)](x) - L s [{-4>){x, ■), D y (-<j>)](y)j 

- ^L s [u,D x <j>](x) - L s [v,D y {-<f>)\(y)j 

- ^L 2 [u, D x cj)](x) - L 2 [v,D y (-(j))\(y)J 

- (f(x) - f{y )) + (u(x) - v(y)) 

> ~ Is ~ I s ~ h - w/(x - y) + (u{x) - v{y)) . (5.4) 

The strategy is now to estimate Ig , I s , and I 2 , and prove that when sending first 5—^0, then 
R 00 , and finally e —> 0, 

lim sup lim sup lim sup (ig + I s + I 2 ) < 0. 

£—^0 R—too <5—>-0 

We will also show that 

lim sup lim sup lim sup (u(: r) — v(y )) > M, (5-5) 

£—>-0 R —^OO S —>0 

and hence by the viscosity inequality (15.41) we get the contradiction that concludes the proof: 

0 > M. 


We proceed in 4 steps: 


1) We show that (|5.5D holds. First note that u(x) — v(y) = M StR + <j>{x,y) does not depend on 5. 
Then by the maximum point property, it follows that 


M e>R -> M e := sup (u(x) - v(y) - - y)^j and V'(i) + ->• 0 

as R —> 00 (see Lemma 2.3 in [25])• Observe now that M < M e < M s > for s < s', and hence by 
monotone convergence, M e \ M for some M > M. Since M = lim sup lim sup lim sup (u(x) — u(y)), 

£—^0 R —^00 S —^0 


we are done. 


2) To estimate the /, 5 -term, we Taylor expand to find that 


<8 


<t>(x + ji(D x <j>(x,y),z),y) - <j>{x,y) - ji(D x <f>(x,y),z) ■ D x <j>(x,y) dn^z) 
< ||£> 2 ^||oo [ \ji(D x (t>(x,y),z)\ 2 dyi(z) = og{l) 

J\z\<8 


for fixed e, R > 0. Here the 05(1) comes from assumption (Jl) and dominated convergence as S —> 0. 
After a similar estimate for Lg[—<j>, D y (—</>)], we conclude that Ig —► 0 as <5 —> 0 and s,R> 0 are 
fixed. 
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3) We estimate I s . Using the notation j x (z) := ji(D x (j)(x, y), z) and jy{z) := ji(D y (—<f>)(x, y), z), 
and the maximum point property of & e ,R, 

$e,R(% + 3x,y + jy) < $£,-r 0 , 2 /), 

we see that 

I d = f s< \ ! + js-{z)) ~u(x)^ - ( v(y+jy(z )) -v(y)j 

+ jx{z) ■ D x cj){x , y) + j v {z) ■ D y (/>(x, y)j dm(z) 

< / + jx(z),y + jy{z)) - <l){x,y) - D x (j>(x,y) ■ j s (z) - D y <j>(x,y) ■ jy(z)) dpi(z). 

Js<\z\ K J 

Since D 2 tp is bounded and \D 2 tp(j^)\ < -J 5 -||.D 2 ^>|| 00 < oo, a short computation using Taylor expan¬ 
sions shows that 

I s < [ (^\\D 2 <p\\ 00 \j s (z) -jy(z)\ 2 + 2 ^|| J D 2 V'||oo(b$( 2 )| 2 + \jy(z) I 2 )) dyi(z). 

Jg<\z\ V ' ' 

To proceed we compute the gradients, 

D x (j)(x,y) =p e +^Dip{ §), D y (-4>)(x,y) =p e -p E = ^—^l, 

and note that for fixed e > 0, they are uniformly bounded for R > 1 by estimate (15.311 . Hence, there 
is r e > 0 such that \D(j){x, y)\ < r e for all S > 0 and R > 1, and then by assumptions (Jl) and (J2), 

I S < O(-p) u)j,r e (D x <j>(x, y) - Dy(-<t>){x,y)) +0(^)C J>6 
< 0{^)uj jtre (0{^)) +0(^)C jtre . 

We first send <5 —^ 0 since nothing depends on 6 on the right-hand side, and then we send R —> oo 
and find that 

lim sup lim sup I s < 0 . 

R —^oo 5 —>0 


4) Finally, we estimate I 2 ■ First note that by the maximum point property, the positivity of <j>, 
the calculations of gradients in (c), and estimate (15.31) . 


I 2 < 


[ <t>(x + j 2 (p E + ^Dtl}{^),z),y+j 2 (p E -^D^(^),z))-4>(x,y) d y 2 {z) 

3 b|>o v ' 


<^2 [ sup U(x+j 2 (pe + ^D^),z)-(y+j 2 (p s -^D^),z))'\ 

£ J b|>0 x,y£R N k V ' 


- ip(x - y)\ dp 2 {z) 


J\z\>0 

:= Ji + J2- 


V'( 


x + j 2 (pe + ),z)\ , ('y+j 2 (pe - jtDl/j(%),z) 


R 


M' 


R 


-) d p 2 {z) 


Now we send R —»• 00 in Ji. Then by compactness, p e will up to a subsequence converge to a 
limit that we also call p e . By the boundedness of Dif) and p-continuity of j 2 (p, z) for a.e. z in (Jl), 


lim 

R—> oo 


sup 

xeR N 


32 (jPe ± jiDlp(%),z) -j 2 (p £ ,z) 


= 0 for a.e. z. 
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Hence since <p is a Lipschitz continuous function, 


ip(x-y-j 2 (p s + TiDip(%),z) + j 2 (p £ - — tp(x — y) 


sup 

x,yeR N 

< II^VlU sup j 2 (p e +^Dip(^),z) -h(p e - ^Dip(^),z) 
x,2/ei iv 


->• 0 


as R —> oo for a.e. z. Hence, the Ji-integrand is a uniformly bounded function converging to 0 as 
R —> oo for a.e. z. Hence by the dominated convergence theorem (for fixed e), 

limsup J\ < 0. 

R—>oo 


Now we send R —> oo in Here we use the fact that 

+ V’(-f) -> 0 as R —^ oo, 

which is a simple consequence of the maximum point property (see Lemma 2.3 in [25]). Since j 2 is 
locally bounded for a.e. fixed z by (Jl) and if is continuous, 


h{Pe + Tt D 'l’(%)> z ) 

R 


-> 0 


for a.a. z 


as R —> oo, and hence 

^+h(p. + jm-M^ m = 0 fora . a .* 

as R —> oo. Since if is bounded, we can use the dominated convergence theorem to conclude that 

limsup J 2 = 0. 

R—> oo 


Since I 2 is independent of S, we can now conclude that 


lim sup lim sup I 2 < 0 , 
R .—^00 S —^0 


and the proof is complete. 


□ 


Proof of Theorem, \ 2. 11 (b) . Part of the proof is similar to the previous proof. We start by assuming 
that M := sup{u(x) — u(x)} > 0 and consider the maximum M E: r of 

®e,R( x ’ y) := u ( x ) - v (v ) - v ) > 

where was defined in the proof of Theorem 12. ll -(a). Since M e ,R —>• M e > M as R —> 00 , we may 
assume that M Ej _r > M/2 and u(x) > v(y). Since u —</>(-, y) has a global max in x and v— (—</>)(x, •) 
has a global min in y , we subtract the corresponding viscosity inequalities and find that 

F(u(x),p s + O(^), L s [</(-, y),D x <j>]{x) + L 5 [u,D x </>](x) + L 2 [u,D x (f>}{x)^ 

I X 

- F^v(y),p e + Q(^), L s [-(j){x, •), Dy{-4>)\{y) + L s [v, D v {-<j))\(y) + L 2 [v, D y (-</>)](y)J (5.6) 

ly 

< f( x ) - f(y), 

where p e = 2{x — y)/e. 
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We now estimate the different terms. By the estimates in the proof of Theorem 12. lf fod. 


V ), D x </>](x) - Ls[(j){x , •), A/(-<£)](y) = > 

L s [u,D x 4>](x) - L s [v, D y {-4>)]{y) + L 2 [u, D x (j)\(x) - L 2 [v, D y (-4>)](y) = (l + ^)o R {l) 


and hence 

\I X - Iy\ = (l + (or( 1) + 0<s(l))- 

By the order we will take the limits, we may and will always assume that terms on the right hand 
sides are bounded (by 1 for example). Moreover, by the estimates in the proof of Theorem 12.If ('a'). 

\D(p{x,y)\ < <70 + 

\D 2 (i>(x,y)\<C^ + ^y 

|£<#(•,y), D x <j>](x)\ < ||£> 2 </>||cx, [ |ji(A</>(x,y),z)| 2 d^i( 2 ), 

J\z\<6 

\L s [-4>(x,-),D v {-4)](y)\ < ||£>Vl|oo [ \ji(Dy(-<t>){x,y),z)\ 2 dp 1 iz ), 

A|<5 

|L 2 [m, A0](5)| + |A[«, A/( - 0)](y)| < 2(||u|| 00 V ||u||oo) M2(K jv ), 
and by the maximum point property, 

L s [u,D x <j>](x) < L s [</>(■, y),D x <j)(x,y)](x) 

<\\D 2 x (j)\\oo [ \j(D x (j>(x, y), z)\ 2 dyi(z) — ||.D 2 0||oo [ \j(D y (-</>)(x, y), z)\ 2 dm(z) 

J h|>0 j\z\>0 

< L s [v, D y (—(f>)\(y). 

If e > 0 is fixed, then by (M) and (Jl), these terms are uniformly bounded for R > 1 and S > 0. 
These and the previous bounds then implies that there is a C e > 0 such that 

-C E < L s [v, D y (—(j>))(y) < L 5 [u,D x (/)}(x) + \L s [v,D y (-4>))(y) - L s [u, D x </>](x)\ < C s , 

and similarly we can show that \L s [u, D x cj)\{x)\ < C e . Hence there is r e > 0 such that 

\D<f>(x, y)\ + \I X \ + \I y \ < r £ for all R > 1, <5 > 0. 


By (15.61) and the previous estimates, (F2), (F3), (F4), we see 


M , 

7y < F(u(x),p e 


^ w IMI~v|N 


•°(^)- 4 ) - F(u(x),p e + 0{±),I X ) + f{x) - f(y) 

Xe 0(;s) + (l + ^ 2 ) (°r( 1) + °<5(1))) + °e(l)- 


Sending first S —> 0, then R —> 00 , and finally e —> 0, we get again M < 0. This is a contradiction 
and the result follows. □ 








19 


5.2. Proof of Theorem 12.31 (existence). A major challenge we face when we want to prove 
existence, is the implicit nature of equation (11.41) with a gradient dependence inside the j functions. 
It seems non-trivial to use Perron’s method for such equations, and since fixed point iterations 
require convergence of the full sequence to get the equation in the limit, compactness argument 
(yielding subsequences) can not work. We have been able to overcome the problem by a nontrivial 
approximation procedure, which is inspired by the “Sirtaki method” of [4] , along with a fixed point 
argument using Schauder’s fixed point theorem. We start by proving existence for an approximate 
problem in a bounded set, and then pass to the limit using the method of half-relaxed limits and 
strong comparison of the limit equation. 


We begin with the linear case (O). The simple adaptations for the general case are given at the 
end of this section. Consider now the following approximate problem: find u £ C 2 {B R ) such that 


[xl Tm 

L p [u,Du\ 

e 

II 

o 



L k [u,Du] — eA u = f(x), i£Bh(0), 

x £ dB R (0 ), 

where L k [v, Dv] = L p k [v, Dv] + L p k [v, Dv] for 

L i,ki v ’ Dv ]( x ) = J p v {Pr( x + h( D v(x),z))^J - v(x) - Dv(x) ■ ji{Dv(x),z)t\ z \ <1 dni ,k(z), 
L 2,k\ v ’ Dv ’K*) = J v(p R (x + j 2 (Dv{x),z))^ -v(x) dp 2 ,k(z), 

Tm is a truncation and P R the orthogonal projection onto B R , 

Tm [/] := min(max(/, —M), M), P R (x) \- 

and the measures 

Pl,k * Pk * (Ml ' -^l//c<|z|</c) and p2,k ■ Pk * P2i 
for a modifier pk{z) = k p p(kz), 0 < p € (^“(R^ 3 ) is symmetric with support in B\ and f p = 1. 


(5.7) 


X 

if |x| 

< R, 

R 

n 11 

\x\ 

if \x\ 

> R, 


Remark 5.1. (*) The truncated mollified measures p\ t k and p 2 ,k are absolutely continuous with 
respect to the Lebesgue measure with bounded densities, see Lemma 15.31 below. 

(ii) From the definition it follows that 

\Pr{x) - P R (y )| <\x-y\ for all x,y £ R N . 

The projection allows us to look for solutions that are defined only in B R and not in all of R w as in 
equation m- The new nonlocal term is of Neumann-type, corresponding to jump processes that 
are projected back to the boundary of the domain immediately upon leaving it (cf. mm- 


To prove existence we first strengthen the assumptions on j and /, later we do the general case. 

(Jl’) ji (p. z) and j 2 (p , z ) are Borel measurable, locally bounded, continuous in p for a.e. z, and for 
every r > 0 there is C r such that for all \p\ < r and |^| < 1, 

\ji(p,z)\ < C r \z\ 

(J2’) for any K > 0, there exists C = C{K) such that for any \p\, |g|, \z\ < K , 

\jiip, z) ~ ji(q, z)\ < C\p-q\. 
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(F5’) / : M. N — > R is bounded and Lipschitz continuous. 

Remark 5.2. For any x £ B r and u £ C 2 (Br), all terms in (15.71) are well-defined and the equation 
holds in the classical sense (since are bounded and Pr is continuous, the integral terms are well- 
defined because of (Jl’)). Note that (Jl’) and (M) implies (Jl), while pi bounded and compactly 
supported and (J2’) implies (J2). 

We state the properties of that we will need later. The proof is given in Appendix iBl 
Lemma 5.3. Assume (M) holds and 6 > 0. 

(a) The measures p\ } k and p 2 ,k have densities p,i t k and p. 2 ,k with respect to the Lebesgue measure 
on such that 

||/ii,fc||oo,||/i 2 ,fc||oo <00 and / \z\ 2 pi, k (z) dz < 4 / \z\ 2 pi(dz). 

J\z\<5 J\z\<8 

From now on, let (tfk) be a sequence of functions and C > 0 constants independent of p,z that differ 
from line to line. 


(b) If ||'i/’fc||oo < C for all k, and sup \ipk(z) — i>(z)\ — >■ 0 for any K > 6, then 

6<\z\<K 



i{>k{z) dpi,k{z) 


k—foo 


j 

J\z\>5 


4>(z)m(dz). 


(c) If \f>k{z)\ < C\z\ 2 for all k,z , and sup | ipk(z) — ip(z )| —> 0, then 

k—t oo 


' 0<|.z|<<5 


M<<* 
4>k{z) dpi,k(z) 


k ^°° J0<\z\<6 


if(z)pi{dz). 


(d) If HV’fclloo < C for all k, and sup | ipk(z) — if{z)\ — > 0 for any K > 0, then 

\z\<K k ^°° 

/ ipk{z) dp 2 ,k(z) —» / if{z) p 2 {dz). 

J\z\>0 k ~>°° J\z\>0 

We also need the following results. 

Lemma 5.4. Assume (M), (J1’),(J2’) and let v £ C 1 ' 9 [Br) for some 8 £ (0,1). Then 

(a) the function x H > L^[v, Dv](x) belongs to C 0 , 9 (Br); 

( b ) if v n -A v in ^^(Br), then L^[v n ,Dv n ] —¥ L%[v,Dv\ in C°’ 9 (Br). 


Proof, (a) We only do the proof for the Li-term since the L 2 -case is similar but easier. Below 
x,y £ Br , ^ <\z\ < k (the support of pi,k), and C* will denote all constants (that may vary from 
line to line) depending only on R,k,e,v,ji,pi,N. Since v is C 1 ’ , 


Then, |u(a;) 


|w(x)| + \Dv{x)\ + 


\Dv{x) - Dv(y) 1 
\x - y\ e 


< IMIcm- 


v(y) | < C*|x — y\ and by Lipschitz continuity of Pr and assumption (J2’), 


v(P R (x + j i (Dv(x) , z ))) - v(p R (y + ji (Dv(y), z)) j 
| Dv(x) -ji(Dv(x),z) - Dv(y) ■ j 1 {Dv{y),z) 


< C *(\x - y\ + | Dv(x) - Dv(y )|) , 

< C* \Dv(x) — Dv(y) I . 





21 


Thus, all these quantities are controlled by C* \x — y\ 9 . Since the measure /zis bounded and 
supported in A < \z\ < k, it then follows that 

\ L iA v ’ Dv \( x ) - L iA v ’ Dv \(y)\ ^ c *\ x ~ ylVi.fe^), 

and the proof of (a) is complete. 


(b) By assumption 

i f \ , m , K(z)-w(y)| \Dv n (x) - Dv{y)\ 

\vn{x) — v(y)\ H- , _ , -1- . _ ,g - < ||n„ - flic 1 . 0 0 as oo. 

F 2/1 F 2d 

By similar computations as above, we end up with 

\Lk[v n , Dv n ](x) - L^[v,Dv]{y)\ < C*\\v n - ■u|| c .i,e/zi, fe (K Ar )|a; - y \ 9 , 
for a C* independent of x, y, n. It follows that L^[v n , Dv n } —> L^[v, Dv\ in C°’ 9 (B R ) as n —> oo. □ 


We can now prove an existence result for the approximate problem (15.71) . 

Proposition 5.5. Assume (M), (Jl’) ; (J2’), (F5’) ; and let s,R,M > 0, k £ N. Then there exists 
a classical solution u £ C 2 (B R ) of (15.71) . 


Proof. The proof is based on Schauder’s fixed point theorem (cf. e.g. [20], Corollary 11.2]). 

1) Let X := C 1,9 °(Br) for a fixed 9q £ (0,1), and define 

C = {w £ X : IHloo < M + H/lloo} ■ 

Note that C is a convex and closed subset of X. On C we now define a map T = T e ,R,M,k in the 
following way: for every v £ C, u = T{v) is the classical solution of the Dirichlet problem 


u — eAu = Tm 
u = 0 


L%[v,Dv\ +f(x) in B R , 
on DBr . 


(5.8) 


When v £ X, L^[v,Dv] £ C°’ 9 ° by Lemma [5~il and then by the definition of Tm and (F5’), 


w := 


Tm 


L? 


v, Dv] 


+ f(x)£C°’ e °(B R ). 


Since Br is a smooth domain, classical results (Em Corollary 6.9]) then tell us that there exists a 
unique classical solution u £ C 2 ' 9 °(Br) (c X) of (15.81) . Moreover, by the maximum principle and 
the definition of Tm, |M|oo < M + ||/||oo- We conclude that T is a well-defined map from C into C. 


2) We show that T : C — > C is continuous with respect to norm of X = C 1 ’ 9 °(Br). Take a 
sequence {v n } C C such that v n —> v in X. By subtracting the equations for u n and u p , we see that 
w := u n — Up is a classical solution of 

J w - eAw = T m [Lk[v n , Dv n \] - T M [L%\y p , Dv p )\ =: g n , P , in Br, 

= 0, in OBr. 

By the maximum principle, we then find that 

l w llc“(I B ) — \\9n,p\\c°(B R )’ 
and by standard C 2 ’ 9 °- theory (e.g. [201 Thm 6.6]), 

||wra — u p\\c 2 ’ 6 o(Br) ~ II w IIc 2 ’ 9 oCBb) — ^ ( II HI C°(Br) H-Ti.pll C°’ e o (Br)) • 
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Hence, since TM\L^[v n , Dv n ]] —>• Tm[L^[v,Dv]\ in C°’ 9 °(B R ) by Lemma [5.41 (b). it follows that 
(u n ) is a Cauchy sequence in C 2,9 °(B R ) and hence also in X. By completeness, the limit u exists 
and belongs to C 2 ’ 9 °(B R ) n C since C is closed in X. 

By the C 2 ’ 9 ° convergence of u n , the C 1 ’ 6 * 0 convergence of v n , and Lemma ICT1 we can pass to the 
limit in the equation to see that u = T(v). It follows that T(v n ) —> T(v) in X , and we conclude 
that T is continuous in C. 

3) We now show that T(C) is relatively compact. Take any sequence {u n } C T(C). Then there 
exists a sequence {u ra } C C such that u n = T(v n ). It follows that 

U n cAu n — Q n , 

where \g n \ < M+ ||/||oo- By the maximum principle and W 2,p -theory (e.g. [2UJ Thm 9.11]), we have 
the following two a priori estimates for any 1 < p < oo, 

ll u n||L~(B B ) < M + ||/|| oo, 

|Ktn||w2,P(B H ) < C(j|u n || L p(B R ) + ||ffn||LP(B B )) < 2C\B R \ 1/p (M + ||/||oo) - 

By compact embeddings of Sobolev spaces [20] Thm 7.26], we can extract a subsequence w v ( n ) 
converging in C 1,9 (B R ) for any 0 £ (0,1), in particular for 0 = 6 0 . This provides a subsequence 
which converges in X , and proves the claim. 

4) By Schauder’s fixed point theorem, there exists a function u £ C such that u = which 

means that we have a C 2 (l?^)-solution of (15.71) and the proof is complete. □ 


We proceed to prove existence under the restrictive assumptions (Jl’) and (J2’). We will need 
the following result. 

Lemma 5.6. Assume (M), (Jl’), f,g £ C°(B R ). Let u and v be C 2 (B R ) solutions of 


u — T m 


Ljflu.Du] —eAu<f(x) 


and 


v -T m 


L^[v,Dv\ — eAv > g(x) in B R . 


If u < v on dB R and f < g in B R , then u < v in B R . 

Remark 5.7. The result is a comparison result for smooth sub and supersolutions of (15.71) . It implies 
uniqueness of classical solutions of (15.71) . 


Proof. Let w := u — v and to := max-g w. If this max is attained at xq £ dB R , since u < v there, 
we have to < 0. Otherwise, there is an interior point Xq £ B R such that to = w(xq)- By assumption, 

w(x 0 ) - {t m [L%[u,Du]](x 0 ) - T m [L^[v,Dv\](x 0 )} -eAw(j; 0 ) < (/- g){x 0 ). 

Since x$ is a maximum point, and u, v are smooth, Dw(x o) = (Du — Dv)(xq) = 0, Aw(xq) > 0, and 
(u — v)(xq ) > (u — v)(y) for all y £ B R . By the latter inequality, 

u(^P R (x 0 + j(Du(x 0 ),z))') - u(x 0 ) < v(^P R (x 0 +j(Dv(xo),z))^j -v(x 0 ), 

and hence 

L%[u,Du](x o) - Lg[v,Dv\(x o) < 0. 

Since Tm is a non-decreasing function and f < g, we can conclude that 

to = w(xq) < 0 , 

and the proof is complete because in either case, we get m < 0. □ 
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Corollary 5.8. If UR,M,k,e is the solution of (l5Jl) , then \\uR, M ,k,e\\L°°{B R ) < ||/|| z ,°°( k jv ) ■ 

Proof. Follows from Lemma IfTTH with — ||/||oo/WII/lloo as subsolution/solution/supersolution. □ 
Proposition 5.9. Assume (M), (Jl’), (J2 5 ), (32), and (F5’). Then there exists a unique viscosity 

soluUonueC b (R»)ofm. 


Proof. Let R> 0, k = M = l/e = n£N, and ur^ be the corresponding solution of (15.711 given by 
Proposition 15.51 Using the “half relaxed limit” method, we first we send R —> oo and then n —> oo 
and show that we can obtain from ur^ u a function u which is the viscosity solution of ED- 


1) Claim: For every n £ N, the functions 

u n (x) := limsup UR <n (y) and 

y—>x,R—too 

are bounded viscosity sub- and supersolutions respectively of 


u n (x) := liminf u R , n (y) 

y—^x,R—> oo 


u — bAu — T n 


L n [u, Du\ 


= f 


sN 


(5.9) 


where Lk is defined as L in ED, but with the measure p,;.k replacing /ij for i = 1, 2. Moreover, 


< U n (x) < U n (X) < 


*N 


Proof of Claim: First note that u n and u n are defined for every x £ since R — > oo , they 
are semicontinuous and u n < u n by definition and bounded by ||/||oo by Corollary 15.81 We show 
that u is a subsolution of (15.91) according to Definition 14.41 Take any bounded test function (j) and 
any point x G R w such that u — <j> has a global maximum at x. We may as usual assume the 
maximum is strict. Then there exists a sequence yR —> x of maximum points of UR, n — in Br, 
such that UR iU (yR ) — > u(x). Take R big enough such that R > \x\ and yR £ Br (since yR —> x, yR 
cannot be located on 8Br for R big enough). Since yR is a maximum point and ur, u is smooth, 
Du R ,n(yR ) = D4>(y R ), A UR, n (y R ) < A <j>(y R ), and (cf. the proof of Lemma [OP 

Ln[uR,n, Du R , n }(y R ) < L%[<j>, D(f>\(y R ). 

Since ur :u satisfies equation (15.71) at the point yR, it then follows that 


UR,n(yR) 


Af(yR) - T n D<t>\(y R ) < f(y R ). 


(5.10) 


By the boundedness of yR, the regularity of cf, (Jl’), and the definition of Pr, 

(t>[PR{VR+ji(D(j)(yR),z))^^>-(j){x+j i (D(j)(x),z)) as R -> oo , for a.e. z and i = 1,2. 


Hence, since this term is uniformly bounded, y,i,k is bounded, and (M) holds, we can use the 
dominated convergence theorem to conclude that 

L^[<j>,D^](y R ) -»■ L n [cj), D(j>\ (x) as R ->• oo. 


By the regularity of <f> and the continuity of T n , we can then pass to the limit as R —> oo in (15.101) 
and find that 


u(x) 


^A<j)(x) - T n L n [<j>, D<j>\(x) 


< f(x). 


We conclude that it is a viscosity subsolution of (15.91) . and in a similar way we can show that u is 
viscosity supersolution of (15.91) . The claim is proved. 


2) 


We now pass to the limit as n —> oo. We proceed as before, defining 
u( x) := limsup u n (y ) and u( x ) := lim inf 

y—Vx ,n —^ cxd y~ >x,n^f-oo 


An(y), 
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where u n and u n are the uniformly bounded sub and supersolutions of given by part 1). It 
immediately follows that — ||/||oo <u<u< ||/||oo- 


We prove that u is viscosity subsolution of (O). Again we take any smooth bounded test function 
4> and global strict maximum point x of u — <fi in . We have a sequence y n —> x of maximum 
points of u n — 4> such that u n (y n ) —»• u(x). Fix 6 > 0 and choose n big enough so that 1/n < S. We 
split L\^ n into Li <n = Ls, n + L s n , where Ls and L s are defined in the beginning of section^ Since u 
is a subsolution of (15. 91) . it follows that 


u n (y n ) - - T n L n [(/), D(f](y n ) < f(y n ). 


(5.11) 


We pass to the limit in the different terms of this inequality. First, let 

i/j n {z) = 4>(y n + ji(Dcj)(y n ),z)) - (f{y n ) - Dfi{y n ) ■ ji (Dcj)(y n ), 2 :)l| 2 | <1 . 

Since D 2 cj> is continuous, y n —> x and D(f>(y n ) —> D(f>(x) are bounded, a Taylor expansion and (Jl’) 
reveals that there is a C independent of n and z such that 

\ji{Dcj)(y n ),z)\ 2 < C\z\ 2 for \z\ < 1. 

By regularity of </> and (J2’), the ip n converge uniformly for \z\ <5 to 

ijj{z) := (j){x + ji{D(j){x),z)) - (f){x) - D(j){x) ■ j^D^x), z)t\ z \ <x , 
and hence we use Lemma 15.31 (c) to conclude that 

L s , n [^,D(j)\(y n ) L s [<p,D<j)\{x). 

Simpler but similar arguments, this time using Lemma |5.31 (b) and (d), show that 

L 5 n [(j),D(l)\(y n ) ->■ L s [cj),D(j)](x) and L 2 ,n[^, D4>\(y n ) -)> L 2 [(j), D(/)}(x). 

We conclude that L n [4>, D<j)](y n ) Dcj)\{x), and since this limit is bounded, for n big enough 

T n [L n [<j>, D(j)}(y n )] = L n [4>, D(f)\{y n ) ^ L[cj), D<j>\(x) as n ->■ oo. 

In view of the regularity of </> and /, we can then pass to the limit as n —> oo in (15.111) to find that 

u(x) - L[<j), Dcj)\(x) < f(x). 

Hence u is a viscosity subsolution of (HE- Similar arguments show that u is viscosity supersolution. 


\^n{z)\< sup \ D 2 cj)[y n + tj 1 (D(/)(y n ),z)j 


3) By the comparison result for semicontinuous viscosity solutions, Theorem l2.1l (al. it follows that 
u <u. Note that this result requires (J2), see also Remark 15.21 Since the opposite inequality holds 
by part 2), u = u =: u, and this function is continuous, bounded by ||/||oo, and a viscosity solution 
of (11.71) . The proof is complete. □ 

Now we show how to remove assumptions (Jl’), (J2’), and (F5’) and obtain an existence result 
in the general case. We do it in two steps, starting by removing (J2’) and (F5’) by a regularization 
argument (mollification), and then we remove (Jl’) by a truncation argument. We will need the 
following lemma, whose proof is given in Appendix [C] 

Lemma 5.10. Assume (M), (Jl’), and (J2) and define ji.fc o/nd j 2 ,k by 

ji,k{p,z) := (p k * ji(-,z))(p) = Pk{q~ P)ji(q,z)dq for i = 1,2, 

Js. N 

for a mollifier pkip) = k N p(kp), 0 < p € C°°(M. N ) is symmetric with support in B\ and f p = 1. 
Then the following holds: 
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(a) For any k £ N, ji, k and j 2 ,k are locally bounded, and for any |p| < r, \z\ < 1, and k £ N, 

\ji,k{p, z)\ < C r+ i/]f\z\, where C r is the constant from (J1’). 

( b ) For every k £ N and r > 0, there is Ck, r such that for all \p\, |g|, \z\ < r, 

\ji,k{p, z) - ji,k{q, z)\ < C k , r \p - q\ for i = 1,2. 

(c) For any r > 0, \p\, |g| < r and fceN, 

/ \ji k(p, z) — ji k{q , z )| 2 dp±(z) < w ■ r+ 1 (p — q) where ojj r is the modulus from (J2). 

J\z\>o ’ ’ ¥ 

(d) There exists So > 0 such that for any r > 0 and £ > 0 there exists p > 0 such that 

sup / \ji,k(p, z)\ 2 d^n(z) < e 
|p|<r,fc£N J A 

for every Borel set ^4 C {0 < |^| < do} such that f A \z\ 2 dfi\{z) < r]. 

(e) Let L\ t k and L 2 ,fc be defined as in JO and JO with ji and j 2 replaced by ji,k and j 2 ,k- For 
all <fi £ Cb (~l C 2 and Xk —> x, 

Li^ k [(j),D(j)(xk)\(xk) Li[(f>, D4>(x)\(x) for i = 1,2. 

Here is the general existence result for equation JO- 
Proposition 5.11. Assume (M), (J1)-(J3) and (F1)-(F5). Then there exists a viscosity solution 

of m- 

Proof. We proceed in two steps. 

1) Assume in addition (Jl’) holds. We approximate ji and / by 

ji t k as defined in Lemma T5. 101 and fk = Pk * /, 

where k £ N and pk is the modifier defined in Lemma f5. 101 By Lemma T5. 101 satisfy (J1)-(J3) 
and (J1’)-(J2’), while assumption (F5) and properties of mollifiers imply that f k is bounded and 
Lipschitz continuous in (so (F5’) holds) and converges uniformly to / in as k —> oo. 

Let L k be defined as L with ji tk replacing ji, and consider the problem 

u - L k [u, Du] = f k in R N . 

By the above discussion, this problem satisfies all the assumptions of Proposition l5.9l for every k £ N, 
and hence there exist solutions Uk of this problem for every k £ N. By the comparison principle 
(Theorem 12.11 (a)), 

IKIloo < ll/fc||oo < ll/lloo. 

As in the proof of Proposition 15. 91 we then define the half-relaxed limits 

u(x) = limsup u k (y) and ufx) = lirninf Uk{y), 

y — yx,k—yoo y—tx,k—>oo 

prove that they are viscosity sub and supersolutions of H2D, and conclude by the comparison result 
Theorem 12.11 (a) that u = u = u is a viscosity solution of (El. We just sketch the argument for 
u being a subsolution. Take a smooth test-function </> such that u — <j> has a strict maximum at 
x £ 1 N . Then there exists a sequence yk —> x such that u k — <f> has a maximum at x k - Using the 
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subsolution property for uk, the fact that Lk[<j>, D<j>](xk) L[<f,D<f](x) (Lemma 15.101 fell and that 

fk{xk ) f(x), we arrive at 

u(x) - L[c/>, D(j>\(x) < f(x ), 

hence Tl is a subsolution of (O- This completes the existence proof under the assumptions (M), 
(Jl’), (J2), (J3), and (F5). 

2) We remove the (Jl’) condition through a truncation procedure for the jq-term: 

3i\v,z) := \z\ , 

where Tm{x) = x if \x\ < M and Tm{x) = MA if \x\ > M. In this case is easy to see that jf 1 
satisfies (J1)-(J3) and in addition (Jl’) with C r = M. Furthermore, for almost any z, 

ji*(p, z ) —> ji(p, z ) locally uniformly in p. 

Hence by part 1), for any M > 0 there exists a solution um of 

u — L M [u, Du] = f in 1^, 

where L M is defined as L (cf. (11.11) ) but with [j^ 1 , j%) replacing (ji,J 2 )- As in part 1), we define 
the half-relaxed limits 

u(x) = limsup um{u) and u(x) = liminf um(v), 

y — yx,M —^00 y—tx,M >-oo 

prove that they are viscosity sub and supersolutions of m, and conclude by the comparison result 
Theorem 12.11 (a) that u = u = u is a viscosity solution of <EB- In view of previous arguments, the 
only thing we need to check is that 

L^[<j), D(f>](x M ) -t D<j)](x) when 

To do so, we use note that the integrand converges pointwise a.e. by the regularity of <j> and 
the local uniform convergence of j^ 1 in the p- variable. Since \jf 4 (p, ^)| < \ji(p, z )|, jf 1 satisfies the 
equi-integrability condition (J3) uniformly in M. Hence we may use Vitali’s convergence theorem 
(cf. Appendix 1X1 and Remark 12.4K b') ) to pass the limit M —> 00 inside the integral over \z\ < S. 
Passage to the limit in the integral over \z\ > 5 is done using the dominated convergence theorem 
since <f> is bounded and is not singular on this domain. The proof is complete. □ 


Proof of Theorem \2.3[ Uniqueness and uniform continuity follow from Corollary 12.21 Existence of 
solutions of CE2D follows from Proposition 15. Ill Existence for (11.41) follows in a similar way as for 
m where all difficulties are already present. We only give a very brief sketch of the proof. We 
start by an approximate problem a la (15.71) . In the general case it is to find u 6 C 2 {Br) such that 


f 7 u + T m 

— yti + F(u, Du, Lf?[u, Du]) 

= 0, 



eAu = f{x ), 


x e .Br(o) , 
x e dB R ( 0 ), 


where Lj? is defined below (E2D- Under the same assumptions as the linear case in addition to the 
assumption that F is also locally Lipschitz, we obtain existence of solutions of this problem following 
step by step the fixed point argument of the proof of Proposition 15.51 To get an existence result for 
equation m, we follow the approximation and limit procedures given in the proofs of Proposition 
15.91 and 15.111 The only slight difference is that we also need an approximation argument for F (e.g. 
by mollification again), and when we pass to the limit, we use this time the strong comparison result 
Theorem I2.1H 6') for the limit equation. It is straight forward to check that this will work out and 
produce a bounded viscosity solution of (EH)- □ 
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5.3. Proof of Theorem l2.6l (local limits). Theorem I2.(il is a consequence of the half-relaxed limit 
method and comparison. Define 

u(x) := limsup u e (y) and u(x) := lirninf u E (y). 

£—>-0 ,y—>x £—>0,y—tx 


In the quasilinear case we have the following result. 

Lemma 5.12. Assume the assumptions of Theorem \2.6\ -(a.) hold. Then u is a viscosity subsolution 
of m and u is a viscosity supersolution of (| 2 . 2 D . 


Proof. Let </> be a smooth bounded function such that u — <p has a global maximum at x. We may 
assume the maximum is strict and that there is a sequence {y e }e of global maximum points of 
u e — (j) such that y E —> x and u e {y e ) u{x) as e — > 0. We let L\^ e = L e j + L s s as in (14.Ill , and to 
see the localization effect, we also decompose L 2 ,e = L e ,s + L E . By the maximum point property 
L e ^[u e , Dcj)\(y e ) < L et s[4>, Dcj)\(y e ), and then since u e is a subsolution of (12.11) . 

-L E ,s[(j),D(f>\(y e ) - L s e [u e , Dcj)\(y e ) - L e ^[(j) 1 D(j)\{y e ) - L s e [u e , Du E \{y E ) + u E (y E ) < f(y E ). (5.12) 

Then by a Taylor expansion and (J4), for i = 1,2, 

ji(D(j}(y e ), z) = ai(D(j)(y e ))z + o(z) as z-t 0, 


where o(z) is independent of e > 0. Another Taylor expansion and hypotheses (M e ) applied to 
Y = o± (D(f(x)) T D 2 (f(x) o\ (D<f)(x)) € R PxP then gives that 

1 /' 


L e,&[<!>, D<j>\(y e ) = 


>\z\<& 


1 

~ 2 tJ 
1 

~ 2 tJ 


cti (D(f(y e )) T D 2 4>(y e ) o\ (D4>(y s )) z dpi, e (z) + o«s(l) 


ai{D4>(x)) T D 2 (j)(x) <n(D^(x)) Ai + o e (l) + 05 ( 1 ) 
\^ n 2 


^(D^x))ai(D(j)(x)) T D 2 (f(x) + o e (l) + 05 ( 1 ), 


where for the last line, we use that di(a :,p) = cri(x,p)Ai is a N x N matrix as is D 2 (f>(x), so that 
we can use the property tr(MiM 2 ) = Here the oa(l)-term is independent of e since the 

measure |z| 2 /ii iE ( dz) has a uniformly bounded mass. Similarly, by (J4) and (M e ), 


L e ,s[(t>,D(j)]{x) = 


'\z\<8 


a 2 (D(j)(x)) T D 2 (f(x) (72 (Dcj)(x)) z d y 2 , E (z) 


'\A<$ 


D(j)(x](J 2 {D(j){x)) z dfj. 2 ,e{z) + o e (l) + 05 ( 1 ) 


1 

“ 2 tr 


Ai 


<j 2 (Dcj)(x)) T D 2 (f>(x) a 2 (D<f>(x)) 
+ o 2 {D(j){xf)D(f(x) ■ a + o e (l) + 0 ^( 1 ) 


A 2 


1 

2 


tr 


d 2 (D(j)(x))d 2 (D(j)(x)) D 2 (f(x) +b(Dcj>(x)) • D<j>(x) + o E (l) + os(l) 


By (Jl) and continuity, D(f>(y e ) and j(D(f(y E ), z) are uniformly bounded in e > 0 for \z\ < 1, and 
by (F5) and Corollarv l2.21 fcb u E is also uniformly bounded: 


OO* 
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By (M e ) it then follows that 

L 5 s [u e ,D<f>\(y e ) +L s s [u £ ,D<j))(y e ) = O ( f dp E {z) ] -s> 0 as e -*• 0 

\J\z\>6 ) 

and S > 0 is fixed. 

Sending first e —> 0 and then 5 —> 0 in (15.121) then leads to 

—Lo(D(/)(x), D 2 f>(x)) +m(x) < f(x), 

and hence ft is a viscosity subsolution of (12.21) . In a similar way we can show that u is a viscosity 
supersolution of (12.21) . We omit the proof. □ 

Then it is enough to invoke the comparison principle for the limit (local) equation to conclude 
that Theorem 12.6f (al holds: 

Proof of Theorem \2.6\ -(a 1 ). By Lemma l5.12h 7, is a subsolution and u is a supersolution of (12.21) . hence 
u < u by the comparison principle for (12.21) , see m or Lemma l5.14l below. Since u < u by definition, 
u = u=: u, and hence u E -A u point-wise, u is continuous and a viscosity solution of (12.21) . Now we 
show that the convergence is locally uniform. Fix any R > 0 and take x e € Br( 0) such that 

max ^ u e (x ) — u(x)^j = u e (x e ) — u{x e ) 

for any e > 0. Since \x e \ < R , there exists a convergent subsequence x e —> x for some \x\ < R. By 
the continuity of u, the definition of u, and the fact that u = u, it follows that 

lirnsup max ( u e {x) — u(x )) = limsup I u e {x e ) — u(x e )) < u(x) — u(x) = 0 . 
e-yo '■r <K ' ' e->0 ' ' 

A similar argument shows that liminf max(u E (a;) — u[x )) > 0. Combined with similar arguments 

e->0 |x|<R 

for — (it e — u), this shows that 

lim max |u e (a:) — w(a;)| = 0 for all R > 0, 

£—>0 

and we are done. □ 

In the fully nonlinear case, the strategy is the same and we begin with a half-relaxed limit result. 

Lemma 5.13. Assume the assumptions of Theorem \2.6\ -(h ) hold. Then u is a viscosity subsolution 
of on and u is a viscosity supersolution of » 

Proof. Take a test-function <fi such that u — <f> has a maximum at x that we can assume to be strict. 
Hence u e — <j> also has a maximum at some x e , and x e —> x and u E (x e ) —> u(x) as e —> 0. Hence 
Le,s[ue,D<j>\(x e ) < L e} s[<p,Dtj)\{x £ ), and since u e is a subsolution and (FI) holds, 

f(u e (x e ), D(j)(x e ), Dcj)\(x e ) + L s e [u e , Df>\(x s ) + L EtS [<l>, D4>](x E ) + L s e [u e , Df>\(x E j S ) < f(x E ). 

As in the proof of Lemma 15.121 

L £ -terms —> L 0 (D(f>(x), D 2 cj>(x)) as e —> 0 . 

By the continuity of F, we then send s —> 0 to find that 

F(u(x),D(/)(x),L 0 (Dc/)(x),D 2 (j)(x))^ < f(x), 
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which means that u is a subsolution of (11.61) . In a similar way we can show that u is a supersolution 
of (11.61) . □ 


Then we prove a comparison result for the limit equation. 

Lemma 5.14. Under the assumptions of Theorem \2.6\ -(b). if u is a bounded use subsolution of (11.61) 
and v is a bounded Isc supersolution of m, then u < v in R N . 


To prove this result, first note that by (FI) and (F2), the nonlinearity in (11.61) . 

H(x, u,p, X) := F(u : p, L 0 (p, - f(x ), (5.13) 

is strictly increasing in u and nonincreasing in X. Moreover, it is straightforward to check that we 
also have the following result. 


Lemma 5.15. Assume ( 34 ) and (F3) hold, H is defined in (15.131) . and M,r,r, R,e > 0. Let 
a:,y£ R N , |u| < M, p = 2(x — y)/e 2 + o R ( 1), |p| < r, X,Y € Sn, and — f < X < Y < f such that 




< 


X 

0 


< 


1 


e-2 


I 

-I 


'N ; 


Ofl(l) 


Then there are modulii of continuity such that 

H (y, u,p — 0(^),Y^j - H(x,u,p + 0 (±),x) < ca M (x - y) + ^m,r,f(o«( 1)) + o R ( 1). 


Proof of Lemma \5.1f\ In view of our assumptions and Lemma 15.151 the proof is standard. It can 
be obtained by following the line of reasoning of the proof of Theorem 5.1 in [T5j. We omit the 
details. □ 


Proof of Lemma \2. 61 (b). In view of Lemma 15.131 and 15.141 we can conclude the proof exactly as for 
Theorem [2j3- (a) above. □ 


6 . Extensions 

6.1. Parabolic equations. In this section we extend the results to the case of quasilinear and fully 
nonlinear parabolic equations, 

ut — L[u, Du\ = f(x,t) in Qt :=R W x (0,T), (6.1) 

ut + F(u, Du, L[u, Du}) = f(x, t) in Qt , (6-2) 

with initial data 

u(x, 0 ) = uo(x) in R^. 

These extensions are straightforward since the time variable does not play an important role here. 
We keep the same notation, definitions, and most of the assumptions as in the previous sections. 
However, we take the following parabolic versions of (F2), (F4) and (F5): 

(F2’) assumption (F2) holds with 7 m = 0. 

(F6) u 0 S UC(R N ) and / e UC(Q T ). 

(F6’) ito and / satisfy (F6), are bounded, and the quantities in (F2), (F3) are independent of M. 
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As usual for parabolic problems, we do no longer need strict monotonicity in u, see (F2’). We 
have the following parabolic version of the existence and comparison results. 

Theorem 6.1. (Comparison results) 

(а) [Quasilinear case] Assume (M), (J1)-(J2) and (F6). Ifu is a bounded use subsolution of (16. 111 . 
v a bounded Isc supersolution of (EH), and u(x , 0) < v(x 1 0) in R^, then u < v in Q T . 

(б) [Fully nonlinear case] Assume (M), (J1)-(J2), (Fl) ; (F2’) ; (F3), and (F6). If u is a bounded 
use viscosity subsolution of (|6.2I) . v a bounded Isc viscosity supersolution of (|6.2I) . and u(x,0 ) < 
v(x,0 ) in 1^, then u < v in Q T . 

Sketch of proof. We assume by contradiction that 

to = sup (it — v) > 0. 

R N x [0,T] 

We need to double the variables in time as well as in space and consider 

®e,/ 3 ,R,c, 8 {x, y , s, t) := u(x , t) - v(y , s) - <p(x, t , y , s) 

where 

<t>{x,t,y,s) = ^<p(x-y) + ^ ^ + ^(^) + ^{r) + 7 F~t +5m h' 

S £ (0,1), and ip and if are defined in the proof of Theorem 12.II 
A standard argument shows that 

sup ^e,p,R,c,8(x,y,t,s) > Sup $s,/3,R,c,6(x, X, t, t) > TO - 0^(1) - C - 5m > 0 
R 2N x[0,T] 2 R N x[0,T] 

for c small enough and R big enough. By definition, $ Et p t R tC will attain its supremum at some point 
(x,t,y,s), and since u(x, 0) < v(x, 0), we may assume that both t , s > 0 by taking e and /? small 
enough. Because of the term c/(T — t), we may also assume that t,s < T. Hence we may use the 
viscosity inequalities for u and v. After we have subtracted these inequalities and observed that 
Sm y < f>t — 4>s, we use the continuity of the equation to send (3 —> 0 and obtain s = t £ (0, T). The 
inequality corresponding to (15.61) then takes the form 

^to~ < F(w(y, t ),...) - F(u{x, t),...) + f(x, t) - f(y,t). 

Since to > 0, we can use (F2’) to see that 

< F{u(x , t ),...) - F(u{x,!),...) + f(x , t) - f(y , t) = R.H.S. 

At this stage we proceed as in the proof of Theorem 12.II (but omitting (F2)), and show that 

Sm— < lim lim lim lim R.H.S. < 0. 

T c — >0 e—>0 R —Kx, /3—,0 

This is a contradiction to our original assumption to > 0 and the proof is complete. □ 

Theorem 6.2 (Existence). Under the assumptions of Theorem \6.1l (F6’) ; and (J3), there exists a 
bounded viscosity solution of m . 
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Sketch of proof. We first assume (Jl’), (J2’) and that (x,t) f(x,t), x uo(x) are bounded and 

Lipschitz continuous. The general result will follow from passage to the limit as in Proposition 15 .111 
Then we consider the parabolic version of the approximation we used in Section 15.21 


Ut + Tjv i 

u(x,t ) = 0, 
u(x,0) = u 0 (x), 


F(u, Du, Lfc[u, Du]) — eAu = f(x,t). 


(x,t) e B r ( 0) x (0, T ), 
(x,t) e dB R { 0) x (0 ,T), 
x e b r { o). 


Assuming this problem has a solution UM,R,k,e , we pass to the limit as R —> oo, k oo, M —> oo, 
e —> 0 as in the elliptic case. Using half-relaxed limits and comparison for the limit equation, we 
show that the sequence of solutions has a limit which is a solution of (16.21) . Existence is then proved. 


To prove that there exists a solution of the approximate problem we use Schauder’s fixed point 
theorem and the argument given in Proposition 15.51 with some small modifications: 

1) We use Schauder’s fixed point theorem in the Banach space 

I:=if 1+fi# ([0,r]xB s ) 

for some 9 0 £ (0,1). The space -ffi+e 0 ( = C 1+e °’~is a standard parabolic Holder space where 
u £ -ffi+flo e -S- implies that Du £ Hg 0 . See page 46 in [26] or Section 1.2.3 in [34] for the definition. 

2) The time-dependent version of Lemma [5~T1 remains valid: if v £ X, then (x,t) L^[v, Dv](x,t) 

belongs to Hg 0 (B R x [0,T]), and if v n —> v in X, then L^[v n , Dv n ] — > L^[v,Dv] in Hg 0 (B R x [0,T]). 

3) The C 2 ’ e ° regularity result that we use in Lemma [531 (step 2) is replaced by the parabolic H 2 +e 0 
version in Theorem 4.28 in EBl . 

4) In Lemma [53] (step 3), instead of the W 2,p -theory we use the parabolic W 2,1 -theory of Theorem 

7.17 in ,25]. We also use the compact embedding of W 2,1 into X for p big enough, see Theorem 
1.4.1 in [33]. □ 


For the local limit result, we introduce the local parabolic equations 

u t — L 0 (Du, D 2 u) = f(x,t) in Qt, (6.3) 

Ut + F (u, Du, Lq(Du, D 2 u) S j = f(x,t) in Qt , (6-4) 

with an initial data u(x,0 ) = Uq(x). The result is the following: 

Theorem 6.3. (Localization) 

(a) [Quasilinear case] Under the assumptions of Theorem I G.lU a). (F6’) } (M e ), and (J4), any 
sequence of solutions u E of (ED converge locally uniformly in Q T as e —> 0 to the solution u of 

& 

( b ) [Fully nonlinear case] Under the assumptions of Theorem \6. 11 (b) . (F6’) ; (M e ), (J4), any se¬ 
quence of solutions u e of ED converge locally uniformly in Q T as £ —>■ 0 to the solution u of 

ED- 


Sketch of Proof. We use uniform boundedness of u e and the half-relaxed limits 

u(x) := limsup u s (y,s) and u(x) := liminf u £ (y,s), 

e — >0,y—tx,s—yt £—y0,y >x,s—yt 

and prove that u and u are respectively sub and supersolutions of the local limit problem. Local 
uniform convergence is then obtained after proving that the limit problem satisfies the comparison 
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principle. The proofs of the comparison principles for (16.31) and (16.41) are similar to the proofs in 
stationary case with standard modification such as doubling also the time variables. □ 


6.2. More general nonlocal operators and equations. As is common in viscosity solution the¬ 
ory, our results and proofs extend easily to equations involving many different operators L and 
equations of Bellman-Isaacs type involving infima and/or suprema of indexed operators and equa¬ 
tions of the type we have studied before. An example is the following equation: 

sup inf \ F 01 ’ 13 (u(x), Du(x), L 1<a ^[u, Du](x),..., L mt0lt/ 3 [u, Du](x)) - f a ,p(x) l =0 

aeA/3eS l v 7 J 

where 


L ii0lt p[u, Du](x) := / (u(x+ji >ai p(Du,zj)-u(x)-ji iai p(Du,z)-Du(x)t\ z \ <1 d p,i, a ,p(z), 


and for fixed (i,a,/3), Pi, a ,p is a measure on R Pi and x R Pi -A M. N . 

(i ) Comparison. We can extend our comparison results easily to this equation if we require 
and {pi, a ,p} to satisfy assumptions (M) and (J1)-(J3) uniformly with respect to i, a , and /3. 
However, we cannot mix gradient dependence with ^-dependence in ji, a ,p for reasons explained in 
the introduction. This extension is essentially based on the classical inequality 


sup inf / F a ’P(u,p, £ a ,p) — fa,p(x)\ - sup inf (F“ >/3 (u, q, £' p ) - f a ,p(y) 

aeApeBl J aeApeisl. 

< sup \F a ’ p (u,p,i at p)-F a<p (v,q,t atP )- f at p(x) +f a< p(y) 

(a,p)&AxB l 

where for each (a,/3), ia,p^a,p e f n or der to use this inequality in the various passages to the 
limit, we have of course to use the uniformity with respect to i, a, and /3 of the constants appearing 
in our hypotheses on j and p. Notice that for the T'-hypotheses, we have to reformulate them with 
a vector i £ R m . For instance, ellipticity condition (FI) becomes 

(FI’) F : Rx x R m is continuous and for any u £ R, p £ M. N , £, P £ M m s.t. ti < i\ (i = 1. . . to), 

F(u,p,£) < F(u,p,P ). 


(ii) Existence is obtained for these more general equations as we did in Section 15.21 by a series of 
approximations including truncations (of the measures and operators), vanishing viscosity and so 
on. Again, uniformity of the hypotheses with respect to i, a, and /? are needed in order to pass to 
the limit in the various approximations. 

(iii) The local limit results follow again the same lines as in Section [5.31 though the local operators 
involve also a sup/inf of operators Lq 0 ' 13 (Du, D 2 u) defined in Definition 12.51 

Finally, these extensions are also valid for the parabolic versions discussed in Section RTT1 
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Appendix A. Equi-integrability and convergence 

We give the definition equi-integrability (also called uniform integrability) and a result that we 
have used many times in this paper, a generalization of the dominated convergence theorem due to 
Vitali. Our presentation follow [3T] page 133. 

Definition A.l. Let (f l,£,p) be a positive measure space. A family C L 1 {Ll,y) is equi- 

integrable if for any e > 0 there exists rj > 0 such that 

sup / |/j(z)| d n(z) < £ 
iei J a 

for every A £ £ such that g(A) < iq. 

The Vitali convergence theorem is the following result: 

Proposition A. 2. Assume (Cl,£,qi) is a positive finite measure space and (f n )ne N C L l (Ll,y) an 
equi-integrable family such that f n —>f p-a.e.. Then f n —^fin L 1 (f2,p). 

Note that the dominated convergence theorem is a consequence of this result (on finite measure 
spaces!) since domination by a fixed, integrable function implies equi-integrability. 


Appendix B. Proof of Lemma [5731 


(a) Note that pfl i < ^| <fc has a finite mass by (M). An application of Fubini’s theorem then shows 
that the convolution pi tk = (pil i_ < |,,| <fc ) * p k is a measure which has density p,i >k with respect to 
the Lebesgue measure given by 

fh,k(x)= Pk(x - z)li <lz , <k m(dz). 

Jrn k 

This function is bounded for each k: 

ll/ll,fc||oo ^ llpfcll OO Ml ({; < M < *}) < oo , 

A similar argument shows the existence and boundedness of p,2,k- 

Let g(z) := then by Fubini’s theorem and symmetry of p kl 


/ \z\ 2 fj, hk {z)dz= g(z) p k (z-y)ti <M<k p 1 (dy)dz= (g * p k ){y)t a <i yl<k gi(dy). 
J\z\<6 Jr” Jr” k ' Jr” k 


’\z\ 

Note that p k * g is continuous with support in {\z\ < 6 + 1 /k}. By Holder’s inequality, 

for \z\ > 1/fc, 


\pk*g\(z)< max \g(y)\ • 1 < {\z\ + 1/fc) 2 < A\z \ 2 

y£z+B-i/ k 


and hence 


[ \z\ 2 qn, k (z) dz < 4 [ \z\ 2 pi(dz). 

J\z\<8 J\z\<8 


\ z \<i 


The proof of (a) is complete. 
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(b) Let e > 0 be given, and split the integral in two using a K > 8 to separate the domains: 


I ■= 


tpk(z) dpi, k (z) = 


4> k (z) dpi ik (z) = h + I 2 , 


/ i/jk(z) dni,k(z) + 

I S<\z\<K d\ z \>K 

J := / ip(z)dp 1 (z) = / ip{z)dp 1 {z) + / ip(z) dpi{z) = J\ + J 2 . 

J\z\>5 ds<\z\<K J \z\>K 

We will show that if we take K big enough, then |I 2 | + | J 2 | < e for all k, and then if k is big enough, 
\Ii — Z 2 1 < e. The conclusion is that \I — J\ < 2e and the proof is complete. 

Consider first I 2 and J 2 . By the definition of ji-\. k and Fubini’s theorem, P\,k{{\z\ > K}) < 
m({\z\ > K — 1 /fc}), and then by the dominated convergence theorem and pi({\z\ > 1 }) < oo, 

0 < Ati,fc({|«| > K }) < pi({\z\ > K — 1 /k}) —* 0 as K —> oo. 

Note that this convergence is uniform in k. Hence since ip k and ip are uniformly bounded in k, it 
follows that I 2 , J 2 —> 0 as K —> oo uniformly in k. 

We complete the proof by showing that \I\ — Ji| —> 0 as k —> oo for any fixed K. Note that 


\h~Ji\< / \4>k - ip\ /ii,k(dz) + / ip ni,k(dz) - j 

Js<\z\<K J 8<\z\<K J& 


<5<|z|<A 


!S<\z\<K 


V>Mi(d z) 


Consider the first term on the right hand side. Since sup 5< | z | <if |i p k — ^ 0 by assumption, and 

Pi,k{{5 < \z\ < K}) < g,\({\z\ > 5 — £}) as in the |z| > K case, for k > | we get 

/ \ip k - ip\ Mi.fc(dz) < sup \ip k ~ ip\pi({\z\ > 6 - i}) -A 0 as k -A oo . 

Js<\z\<K 6<\z\<K 

For the second term, let g{z) = ip{z)ts<\z\<K and use Fubini’s theorem to see that 

/ ipp hk (dz) = (p k *g)(z)li m{dz). 

Js<\z\<K J R N k <\ z \< K 

In the last integral, the support of the convolution is {<5— £ < \z\ < K + so we need k > j. Since 
Pk * 9 —^ Q and li < | z | < / s —> 1 pointwise (almost everywhere) both functions are uniformly bounded, 
we can pass to the limit using dominated convergence and find that 


/ 8<\z\<K 

The proof of ( b) is complete. 


/ ippi, k (dz)- / ippi(dz) 

Js<\z\<K ds<\z\<K 


—> 0 as k —> oo . 


(B.l) 


(c) Let e > 0 be given, and split the integral in two using a 0 < r < min(<5, <$o) to separate the 
domains: 


I := 


J := 


/ ipk{z) dp lik {z) = / 4>k{z) dpi >k (z)- 

/ 0< | z\<8 J\z\<r 


/ 0<|.z|<<5 


ip{z) dpi(z) = 


l\z\<r 


ip{z) dpi(z) 


f r<\z\<8 


Ipk(z) dpi : k(z) =h+h, 

r<\z\<8 

xp{z) dpi(z) = Ji + J 2 . 


We will show that if we take r small enough, then \I 2 \ + \J 2 \ < e for all k, and then if k is big enough, 
|Ji — J 2 | < e. The conclusion is that \I — J| < 2e and the proof is complete. 

The estimate |/ 2 | + | J 2 | < e for r small, follows by the assumptions on ip, part (a), and dominated 
convergence and (M). For example, 

f \tpk{z)\pi,k(dz) < C f \z\ 2 p 1:k (dz) < 4C f \z\ 2 pi(dz) -A- 0 as r 0. 
Jo<\z\<r Jo<\z\<r Jo<\z\<r 
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Consider now |/i — I 2 j. We first introduce the functions 

r / \ i’k(z) ~ ip(z) 

Mz) ■= - 732 " and ^(*) := -r-jj- 


\zr \z[ 

and measures 

jh,k(dz) := \z\ 2 pi, k {dz) and jh(dz) \= \z\ 2 p\(dz). 

By the assumptions and (M), ijjk and 1 / are uniformly bounded, ipk —> V' uniformly on r < \z\ < 6, 
and and pi are bounded measures on 0 < \z\ < S. It follows that 


\Ii-l2\< / li’k - i>\ p-i,k(dz) + 

J r<\z |<5 


/ $p ljk (dz) - / V>/Ii(dz) 

f r<|zj<<5 Jr<|2|<5 


The first term converges by uniform convergence of tp k and uniform boundedness of Pi k ({r < \z\ < 
<5}). For the second term, we note that (see part (a)) 


/ 

J r< 


p,i,k(dz) = ipp hk (dz) = / (p fc *(V , (-) 1 r<||<5))d)li<| z |<fe Mr(dz). 

>r<\z\<6 Jr<\z\<5 JR N 

The integrand is uniformly bounded (by ||^>(-)l r< |.| < $|| 00 ) and converges pointwise to ip(z)t r< i z i <5 
for a.a. z, so by (M) and the dominated convergence theorem, we can conclude that \I± — Ji| —> 0 
as k —> oo. The proof of (c) is complete. 

( d ) This proof is similar to the proof of (6), we omit it. 


Appendix C. The proof of Lemma lAlOl 

(a) Let K C x R p be any bounded set, then by the definition of p k , Holder’s inequality, and 
fPk(p)dp= 1, \\ji, k \\L°°(K) < \\ji\\L°°{K 1/k ) where 

K\/k = {(?, z) £ R w x R p : 3p £ R^ such that (p, z) £ K and \q — p\ < 1/A:}. 

By Holder’s inequality and (Jl’), we also find that for \p\ < r and \z\ < 1, 

\ji,k(j>,z)\ < max \j(q,z)\ p k {p) dp <C r+1/k \z\, 

\q-p\<l/k J 

and the proof of (a) is complete. 

( b ) By similar arguments, for |p|, |q|, \z\ < r, 

\ji,k(j>,z)-ji,k(q,z)\< \j(s,z)\\pk(p-s)-p k (q-s)\ ds < sup \j(s,z)\\\Dp k \\ L i\p-q\, 

J \s\<r+l/k \s\<r-\-l/k 

\*\<r 

and the proof of ( b ) is complete by (Jl’) and the standard estimate ||D/Ofe||x,i < fc||-D/o||x,i. 

(c) By the definition of ji ik , properties of modifiers and Jensen’s inequality, Fubini and (J2), 

/ \ji )k {p,z)-j lik (q : z)\ 2 dp 1 {z) < / / p k (y)\ji(p-y,z) - ji(q-y,z)\ 2 dy dpx(z) 

J|2|>0 J\z \>0 J y eR N 

< Pk(y)[ \ji(p-y,z)-j 1 (q-y,z)\ 2 dp, 1 (z))dy 

JveR N ' J Ul>o 7 


< 


/ Pk(y) Uj,r+l(p -q) dy< w ■ + 1 ip-q). 
Jy€R N 
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(d) Let A C {0 < |z| < So} be a Borel set. Then as in part (c), we use properties of mollifiers and 
Jensen’s inequality, Fubini and (J2), to see that 

/ \ji,k(p,z)\ 2 < / / Pk(q)\ji(p~ q,z)\ 2 dq dpi(z) < max / \j 1 (p - <7, z)f d^i(z). 

JA JAJ\q \<£ kKfedA 

Now (d) follows from (J3) applied with r + 1, which is bigger than r + 1/k for any k > 1. 


(e) First fix a z such that ji(p,z) is continuous in p, cf. (Jl). Hence jb,fc(-,z) converges locally 
uniformly to ji(-, z) as k — > oo (see for instance Appendix C, Theorem 6 in j!9j). Moreover, ji(-, z) 
is locally uniformly continuous in p , say with a modulus uj r for |p|, jgl < r. Then 


\ji,k(p, z ) - ji,k(q,z)\ < / \j(p-y,z)-j(q-y,z)\p k (y)dy < w r (|p - g|) • 1, 

■Jye R w 

and z) is equicontinuous in p. Combining these two results, it follows that for every pk -A- p , 

ji,k{Pk,z) -A ji(p,z) as k -A oo for a.e. z. (C.l) 


Then we let p k = D (j){x k ) and p = D(j>{x), and consider L 2 ,k[(t>,Pk\{xk) = / 4>(x k + J 2 ,fc(p/c, z)) - 
4>{xk) p 2 (<iz). By (1C.II) and continuity of (j) and Dq i, 

H x k +h,kiPk,z )) - (j){xk) -A (j)(x + j 2 (p, z)) - cj)(x) for a.e. 2 , 

and since the integrand is uniformly bounded by the /Z 2 -integrable function 2||<(>|| 00 (cf. (M)), the 
dominated convergence theorem implies that 

L 2 ,k[<f>,Pk]( x k) -A L 2 [4>,p](x) as k -A oo. 

Note that = L\^,k + L\ k■ F° r the L\ fc -term the proof is more or less the same as for 
the Z^/c-term (see above). It only remains to consider the Li^-term. As above, we see that the 
integrand converges to <p(x + ji(D<f>(x), z )) — 4>(x) — j\(D(f>(x), z) ■ D(f(x) for a.e. z. An application 
of Taylor’s theorem and (Jl’), show that the integrand uniformly bounded by the /xi-integrable 
function ||£> 2 ^|| i oo( BK2 )C_R 1 |z| 2 where i?i = max(<5, max*, \D<f>(xk)\) and 

= max |a; fc | + max \j(s, z)\ . 
k£ N M,|2|<i?i 

Hence we conclude by the dominated convergence theorem that 

Li,s,k[<f>, D(j)(xk)}(x k ) -A Li,a[^, D(j>(x))(x) as k -A oo. 

The proof of (e) is complete. 
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